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Abstract
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can accommodate discrete breaks, smooth transition variation as well as trending
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of persistence change alternatives. Monte Carlo simulations support the use of a non-
recursive scheme for generating the I(0) bootstrap samples and a partially recursive
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1 Introduction

Distinguishing among different forms of nonstationarity has been a topic of long-standing
interest in time series econometrics. For instance, it is well known that a standard ¢-test for
the presence of a deterministic trend diverges with the sample size if the process contains a
unit root, i.e., a stochastic trend. Moreover, tests for structural change in the deterministic
trend are sensitive to whether the stochastic component is assumed to be stationary or not
(Harvey et al., 2009; Perron and Yabu, 2009). Perron (1989) showed that the presence of
infrequent shifts in the trend function biases unit root tests toward the unit root hypothesis
if these tests do not account for such shifts. Similarly, Diebold and Inoue (2001) provide
analytical as well as Monte Carlo evidence to illustrate that models with stochastic regime
switching can generate long memory behavior by inducing an upward bias in the estimate of
the long memory or fractional differencing parameter. Kejriwal and Perron (2010) demon-
strate that standard structural break detection procedures (such as information criteria or
sequential testing) applied to a regression with integrated variables tend to select the maxi-
mum permissible number of breaks if the regression is spurious.

An important related problem concerns inference regarding the conditional mean in the
presence of nonstationarity in variance. Structural changes in variance have been extensively
documented for macroeconomic and financial time series; see, inter alia, McConnell and
Perez Quiros (2000) and Sensier and van Dijk (2004) for empirical evidence on a variety
of macroeconomic variables, and Loretan and Phillips (1994) for evidence on stock market
returns and exchange rates. The non-robustness of standard unit root tests to nonstationary
volatility has been well established both theoretically and numerically by Cavaliere (2005)
and Cavaliere and Taylor (2007, 2008a, 2009) while Cavaliere and Taylor (2005) provide
similar evidence in the context of standard stationarity tests. The basic reason is that these
procedures are based on a so-called “global homoskedasticity” assumption which typically
fails when the time series is generated by innovations with nonstationary volatility (Cavaliere
and Taylor, 2009).

A relatively small literature has also addressed the problem of discriminating between
instability in the conditional mean and nonstationary volatility. Hansen (2000) shows that
standard structural change tests (e.g., Andrews, 1993) in the linear regression model do
not have the correct size in the presence of nonstationarity in variance and develops a fixed-
regressor bootstrap procedure to remedy the problem. Pitarakis (2004) documents the extent

of size distortions suffered by the stability tests of Andrews (1993) with substantial over-



sizing for versions that do not correct for heteroskedasticity and substantial under-sizing for
heteroskedasticity-consistent versions. Zhou and Perron (2008) provide simulation evidence
which shows that ignoring a deterministic shift in variance biases the supremum likelihood
ratio test for stability of the conditional mean towards rejection of the null hypothesis with
the extent of size distortions increasing in the size of the variance break. Perron and Zhou
(2008) develop likelihood ratio tests of the joint hypothesis that the coefficients and error
variance in a linear regression model with stationary regressors are stable. Xu (2015) demon-
strates that cumulative sum (CUSUM) tests for structural change in the mean have incorrect
size under variance nonstationarity. These studies convincingly establish that it is impor-
tant from an empirical standpoint to allow for the possibility of nonstationary volatility when
testing the stability of the conditional mean.

This paper is concerned with the problem of testing for structural changes in the per-
sistence of a univariate time series driven by nonstationary volatility. We are interested in
changes which involve switches between unit root [I(1)] and stationary [/(0)] behavior as
well as changes that preserve the I(0) nature of the time series across regimes. While a
plethora of tests for persistence change is available in the literature, most of these proce-
dures are based on the global homoskedasticity assumption; for instance, see Kim (2000),
Busetti and Taylor (2004), Harvey et al. (2006) for tests allowing a single break and Bai
and Perron (1998, BP henceforth), Leybourne et al. (2007), Kejriwal et al. (2013, KPZ
henceforth) for tests allowing multiple breaks and Kejriwal (2018) for procedures to deter-
mine the number of breaks. Diebold and Chen (1996) provide simulation evidence suggesting
that bootstrap versions of single-break tests developed in Andrews (1993) and Andrews and
Ploberger (1994) achieve better size control than their asymptotic counterparts, again assum-
ing error homoskedasticity.! Cavaliere and Taylor (2008b, CT henceforth) develop bootstrap
tests robust to nonstationary volatility based on the ratio of partial sums of demeaned (or
detrended) residuals. Their procedure assumes (1) the process is 7(0) under the null hy-
pothesis of stability; (2) a single break under the alternative that is associated with either a
I(1)-1(0) or 1(0)-I(1) shift but not an I(0)-I(0) shift; (3) a stable trend function under both
the null and alternative hypotheses.

In this paper, we provide a comprehensive treatment of issues related to testing for
structural changes in persistence when the innovations are globally heteroskedastic, i.e., fail

the global homoskedasticity condition pervasive in this literature. Our approach is rather

!Their simulation design also assumes that the time series is 7(0) under the null hypothesis and regime-
wise I(0) under the alternative hypothesis.



general in that it allows: (1) an /(1) or I(0) null hypothesis; (2) multiple structural changes
where the number and timing of the changes are unknown; (3) persistence change alternatives
of the I(1)-1(0), 1(0)-1(1) and 1(0)-1(0) forms which the testing procedure does not require
prior knowledge of; (4) disentangling persistence shifts from shifts in the trend function. The
assumed volatility process is of a general form that can accommodate single and multiple
breaks, smooth transition variation as well as trending volatility. We develop sup-Wald tests
based on a wild bootstrap scheme that delivers procedures with accurate size and satisfactory
power properties. These procedures include tests for a specified number of changes as well
as tests that assume the number of breaks is unknown (up to a known upper bound). We
also propose a sequential approach for determining the number of persistence breaks based
on ordering the bootstrap p-values. The finite sample adequacy of the advocated procedures
including a comparison with existing tests is evaluated through an extensive set of Monte
Carlo experiments.

It is important to emphasize that unlike Xu (2008) who proposes a recursive wild boot-
strap scheme for conducting inference in an autoregressive model with stationary roots, the
1(0) bootstrap samples in our approach are generated only from the estimated residuals un-
der the null hypothesis and not recursively using the parameter estimates. This is because
the full sample estimate of the persistence parameter (the sum of the autoregressive coeffi-
cients) is biased towards unity when the series has at least one asymptotically non-negligible
I(1) segment. As a result, recursively generated bootstrap samples using such estimates is
not only invalid when the null hypothesis is I(1) (Basawa et al., 1991) but also leads to
poor power properties when the alternative involves at least one /(1) segment (Gulesserian
and Kejriwal, 2014). Monte Carlo simulations confirm the presence of these features in fi-
nite samples. Our approach is similar to Hansen’s (2000) fixed-regressor bootstrap scheme
although the latter does not consider the possibility of a unit root null hypothesis.

The rest of the paper is organized as follows. Section 2 lays out the modeling framework
and the associated assumptions. Section 3 details the procedures for testing persistence
change. The large sample effects of nonstationary volatility on persistence change tests
constructed assuming homoskedastic innovations are studied in Section 4. The proposed
bootstrap tests are presented in Section 5. Section 6 discusses extensions of the procedures
to deal with deterministic trends as well as disentangling shifts in persistence from shifts
in the trend function. Section 7 provides Monte Carlo evidence to assess the finite sample
performance of the advocated procedures, Section 8 applies the proposed approach to test for

persistence change in OECD inflation rates and Section 9 concludes. All proofs are collected



in Appendix A. Additional Monte Carlo results are provided in Appendix B.

As a matter of notation, we will use C = CJ0, 1] to denote the space of continuous functions
on [0,1] and D the space of right continuous with left limit processes on [0, 1], ‘2’ to denote
convergence in probability, ‘=’ to denote weak convergence in the space D endowed with the
Skorohod metric, and ‘gp’ to denote weak convergence in probability under the bootstrap
measure (Giné and Zinn, 1990). Further, B;(.) and Bs(.) denote standard independent
Brownian motions on [0,1] and B(.) = [Bi(.), Ba(.)]". Further, for any stochastic process
Z(.) defined over [O 1], denote Z@(.) represent Z(.) demeaned over [\;,_1, \;], i.e., ZO(r) =
Z(r) — (N — Ai—1) f N € [Ai—1, A\;]. Finally, for brevity of presentation, all integrals
of the form f: f(r)dr are expressed as fa f.

2 The Persistence Change Model

Consider a univariate time series y; generated by the AR(p) model

\
Yr = o + Ut

Ut = UTiEL1 + ht

1 t:j}g1+17]}g1+2,_“7ﬂo; izl,...,m—f—l (1)
ht = Oéiht_l + Z?:l WijAht_j + e

hTz'O—l = ... = hTi()—l_p+1 = O )

with the convention that 79 = 0 and T m4+1 = I’y where T is the sample size. The process is
therefore subject to m breaks or m + 1 regimes with break dates (77, ..., 7°). Both the break
dates and the number of breaks are assumed to be unknown. The same data generating
process was considered by Leybourne et al. (2007) and Kejriwal (2018) and is designed to
ensure that the successive I(1) and 7(0) regimes join up at the breakpoints thereby avoiding
the problem of spurious jumps to zero in u;. While we assume a common lag length p across
regimes, regime-specific lag lengths can be accommodated by interpreting p as the maximum
lag length across the (m + 1) regimes.

Our analysis is based on the following assumptions on the process generating {y;}:
Assumption Al: T? = [TA)], where 0 < \? < ... < \) < 1.

Assumption A2: All roots of the polynomial 7;(L) = 1 —m; L — mpl? — ... — w1 LP7! lie

outside the unit circle.



Assumption A3: The error term e; in (1) satisfies
€ = O&¢ (2)

where {g;} is an i.i.d. sequence with zero mean and unit variance and {o;} is a strictly

positive non-stochastic sequence. We assume sup, & (5f+6 ) < oo for some 5 > 0.

Assumption A4: For some strictly positive deterministic sequence {ar}, we assume the
sequence {0} satisfies

az'ors = g(s), s €[0,1]

where ¢g(.) € D is a strictly positive, non-stochastic function with a finite number of points
of discontinuity and satisfies a uniform first-order Lipschitz condition except at the points

of discontinuity.

Assumption Al facilitates the development of the asymptotic theory by requiring the
breakpoints to be asymptotically distinct. Each segment is assumed to increase proportion-
ately with the sample size. This requirement is standard in the structural change literature
(see, e.g., Bai and Perron, 1998; 2003a). Assumption A2 corresponds to the requirement of
at most one unit root in each regime while all remaining roots are stationary. Assumption
A3 specifies that the stochastic process for {e;} is determined by the time-varying volatilities
{o,} and the i.i.d. innovation sequence {¢;} with a requirement on the existence of moments
for the innovations (see, e.g., Xu, 2008). We follow Cavaliere and Taylor (2008a) in assuming
that the innovations are i.i.d. although our results continue to hold under the weaker condi-
tion that for F, = o-field{es, s < t}, {&, Fi} is a martingale difference sequence satisfying
(i) E(e2) =1 for all t; (il) 7' Y, €2 % 1; and (iii) sup, E(c; ) < oo for some £ > 0.

The key assumption that embodies global heteroskedasticity is Assumption A4. It allows
the time series {y;} to be driven by a general class of nonstationary heteroskedastic errors
that includes a wide variety of specifications for volatility considered in the literature. For
instance, single or multiple volatility breaks, linearly trending volatility, piece-wise linear
trends in variance and smooth transition shifts can all be shown to satisfy Assumption A4
with az = 1 and a particular choice of g(.). Further, models of explosive deterministic
volatility are allowed through appropriate choice of the scaling factor ar (specifically, by
letting ar grow with the sample size). Cavaliere and Taylor (2008, 2009) provide a detailed
discussion of the specific choices of ar and g¢(.) associated with each of the aforementioned

volatility models.



Remark 1 Asin CT, the function g(.) is assumed to be non-stochastic to enable simplifica-
tion of the theoretical analysis. In particular, Assumption A4 rules out nonstationary autore-
gressive stochastic volatility (SV) models (Hansen,1995), SV models with jumps (Georgiev,
2008), “nonstationary nonlinear heteroskedastic” models with stochastically trending volatil-
ity (Park, 2002) and near-integrated GARCH models (Nelson,1990). This assumption can
be potentially weakened to allow cases where the sequences {o;} and {&;} are stochastically
independent. In such cases, our results can be interpreted as holding conditional on a given

realization of g(.), where g(.) has sample paths satisfying Assumption A4.

In order to accommodate I(0) preserving persistence changes as in the framework of Bai

and Perron (1998), we also consider the following data generating process for y;:

Yo = Hy + Uy
Uy = Ol + Zp;l T A + ey (3)
gL t=T0  + 1,70, +2,..,T% i=1,...m+1
Ug = ... = U_py1 =0

The conditions stated in Assumptions A1-A4 are assumed to hold for (3) as well. Since
the direction of persistence change is typically unknown in practice, it is important from a
practical perspective for the testing framework to allow alternatives that involve switches
between [(1) and 7(0) regimes as captured by (1) as well as alternatives that do not involve

a change in the order of integration across regimes as in (3).

3 Testing Procedures

The testing procedures recommended in this paper are based on bootstrap versions of the
asymptotic procedures developed by BP and KPZ assuming conditional homoskedasticity
which corresponds to setting o, = o in (2). Section 3.1 reviews the test statistics designed
to detect a specified number of breaks while Section 3.2 outlines the procedures when the
number of breaks is not specified. The proposed bootstrap versions of these tests will be

described in Section 5.



3.1 Tests for a Specified Number of Breaks

We first consider the statistics designed to test the null hypothesis Hél): a; = 1 for all 4 in

(1). The estimating regression takes the form

—1
Aye = ¢+ (0 — Vs +z Ay + € (4)
j=
with ¢; = (1 — a;)[ugo  + ;] and ef is the regression error. Under Hél), ¢; = 0 for all 1.
The true lag order p is assumed unknown but can be estimated using standard information
criteria such as the AIC or BIC. Further, the coefficients of the lagged differences in (4) are
not allowed to change since, as argued in KPZ, the goal of the testing approach is to direct
power against structural changes in the persistence parameter «; and not changes in the
short-run dynamics.?

Under the alternative, the following two models are considered depending on whether

the initial regime contains a unit root or not:
Model 1a: a; =1 in odd regimes and |o;| < 1 in even regimes.
Model 1b: «; = 1 in even regimes and |«o;| < 1 in odd regimes.

Consider first the Wald test that applies when the alternative involves a fixed value
m = k of changes. Denote a candidate vector of break fractions by A = (A, ..., \x) and the
alternative hypotheses corresponding to models la and 1b as H ((11]2 and H;lk), respectively.
The test against H 21,2 is defined as
P\ k) = (T —k)(SSRY — SSR),)/[kSSRLY,] if k is even
Fiu(\k) = (T —k—1)(SSRSY — SSRY,)/[(k+1)SSR),] if k isodd  (5)

while that against H, b(lk) is defined as

Fu(\k) = (T —k—2)(SSRY" — SSRG),)/[(k+2)SSRY),] if k is even
Fu(\k) = (T —k—1)(SSRSY — SSRY),)/[(k+1)SSRY),] if k isodd  (6)

In (5) and (6), SSRY"” denotes the sum of squared residuals under H{" while SSR&)’k and

2Simulation evidence presented in KPZ illustrates that the test statistics do not have much power against
pure changes in short-run dynamics but are powerful when there is a change in both persistence and these
dynamics.



SS R%)k denote, respectively, the sum of squared residuals obtained from estimating (4) under
the restrictions imposed by Model 1a and Model 1b. For some arbitrary small positive
number ¢, we define the set AF = {\ : |A\ij1 — N| > 6, A1 > €, Ax <1 —¢€}. The sup-Wald

tests are then defined as

Fla(k) = Sup Fla()\,]{?), Flb(l{?) = sup F1b<)\, ]f)

AEAF A ENF

When the direction of persistence change is unknown, the relevant test statistic is given by

Wi (k) = max[Fi4(k), Fip(k)]

While the foregoing tests are based on the I(1) null hypothesis, the stable 7(0) null can be
tested by employing the BP procedure. This amounts to testing HSO): ¢ =c¢, a; = a, for all

i with |a| < 1 in (4). The relevant alternative hypothesis within the BP framework is H 1(0,2

ay # Qg # ... # gy, Jag| < 1 for all i. The time series is thus regimewise-7(0) under Hl(?)

The BP test for a fixed number m = k changes is given by
Gr(A k) = [T = 2(k + DI(SSRy” — SSR}) /S SRY)] (7)

In (7), SS R(()O) denotes the sum of squared residuals under Héo) while SSR%% denotes the
sum of squared residuals obtained from unrestricted OLS estimation of (4). The BP test is
then defined as G (k) = supy cax G1 (A, k).

Under conditional homoskedasticity, the limiting distributions of F,(k), F1,(k) and W1 (k)
are pivotal under Hél) while that of G (k) is pivotal under Héo), given the trimming choice e.
Asymptotic critical values are tabulated by KPZ and BP for different choices of €. Further,
the tests F1,(k) and Fy,(k) are consistent under H, 51,2 and H, lflk), respectively while Wy (k) and
G1(k) are consistent under each of H, é,z, H 15,1) and H 1(0k)

As shown in Kejriwal (2018), G (k) does not have correct asymptotic size under Hél) even
in the homoskedastic case. On the other hand, the KPZ tests [F1,(k), F1,(k), Wi (k)] diverge
to positive infinity under Héo) . In order to control asymptotic size when the process is either
I(1) or I(0) under the null hypothesis, KPZ propose simultaneous application of their test
and the BP test. Let Hy = Hél) U H(S‘”. For a given significance level 7, the KPZ statistic
for testing H, is given by

Hk) = win 1930, S0 1)



where, at level 7, cv,,(n) and cv,k(n) are the critical values of the statistics Wi (k) and
G1(k), respectively. Under conditional homoskedasticity, the decision rule of rejecting Hy
when H(k,n) > cv, (1) has asymptotic size at most 1 under Hy and unit asymptotic power
against each of H C(Ll,z, H, 151,3 and H folz The computation of G;(.) and Wi (.) can be accomplished
using the dynamic programming algorithms proposed in Bai and Perron (1998, 2003) and
Perron and Qu (2006), respectively.

3.2 Tests when the Number of Breaks is Unknown

When the number of breaks is unknown up to an upper bound A, KPZ propose the following

test statistic directed to detect processes which alternate between I(1) and 1(0) regimes:

Wmaz, = max Wy (k)

1<k<A

Similarly, for detecting (0)-preserving changes, BP propose the statistic

UDmaz, = max Gy(k)

1<k<A
To achieve correct size under Hy, KPZ also suggest the statistic
)

Vg maz(N)

where, at level 1), cvy maz (1) and cvgmaz (1) are the critical values of Wmax; and UDmax

Hmazy(n) = min |Wmazx,, UDmax,

respectively. The decision rule is to reject Hy if H maxy(n) > cvy maz(n). The tests Wmazx;,
UDmaz, and Hmaz(n) are all consistent under each of HC(L%, HISIW)L and Hl(?r)n, where m <

A is the true number of structural changes.

4 The Large Sample Effects of Nonstationary Volatility

This section studies the large sample behavior of the KPZ and BP tests when the time series
is subject to nonstationary volatility as specified in Assumptions A3 and A4. In particular,
we show that the null limiting distributions of the tests are not pivotal and depend on
the sample path of the volatility process g(.). Therefore these tests do not have correct
asymptotic size unless ¢(.) is a constant. Since the KPZ tests are correctly sized under
the I(1) null hypothesis Hél) when conditional homoskedasticity holds, we study their large
sample behavior under H(()l) when the time series satisfies Assumptions A1-A4. Similarly,

the effects of nonstationary volatility on the BP tests are investigated under H(()O). Under



HO(O), the KPZ tests diverge to positive infinity while under Hél), the BP tests have incorrect
asymptotic size even when conditional homoskedasticity holds. It can be shown that these
properties continue to hold under Assumptions A1-A4. Monte Carlo evidence indicates that
the extent of size distortions in finite samples can be considerable (see Table B-1 in Appendix
B).
For r € [o 1], let g(r) = (J79()2)"*, Bya(r) L [T g(s)dBi(s), Byalr) =
1[5 g(s)?dBs(s). We ﬁrst state the result for the KPZ tests under Ho ).

Theorem 1 Suppose Assumptions A1-Aj hold. Then, under Hél), if k is even, we have

| k2 {000} ~{B 0a 0} -a0) _2{5“2”2‘5(*“‘1)2}}2
Fio(\ k) 5 . 2 a2 [P )] dr

+—— {Boa(A2) — Bya(Aai1)}

5 o
) b2 |:{B(2z+1) (M2is1 } {B(22+1) (2 )} -3 2{@*()\21,_'_1)2_?()\21_)2}}
Flb()\, k) N m Z 4f;22;+1 [Bg(f;ﬂ)(?“)] dr
=0 )
+)\2i+11*)\2i {Bg,1()\2i+1) - Bg,l (>\2z)} ]
If k is odd,
2 —
. (B41)/2 { (27) } {B(21 (A2i—1 } —g(1 —2{’9“ )\21)275()\2171)2}}
2 Ag; (2
Fa(A k) = m Z; 1 4 1[ >(T’)] dr 2
+>‘2i*>\2¢—1 {Bg,1<)\2z‘) - Bg,l(/\2z‘—1)} i
) ‘ )
. (h-1)/2 { B;?i+1)()\27,'+1)}27{3524'1)()\22.)}27_‘6(1)_2{§(A2i+1)27§()\2i)2}i|
d Xoi " 3
Fio(A k) = (k+1) ;0 4 [ [BE )] ar

sy (Boi (i) = Boa(Aa)}

Corollary 1 Denote the limits of Fi4(A\ k) and Fiy(\, k) by F (N, k) and F(\, k), respec-

tively. Then, by the continuous mapping theorem, we have Fi,(k) = sup, enr FLu(A K), Fro(F)

= supy car Fip (A, k), Wi(k) = max[FY (k), FY(K)], Wmaz; = max;<p<a Wi(k) = maxj<p<a
{max[Fy, (k), F{ ()]}

Remark 2 The process By 1(s) is Gaussian with zero mean and variance v(s) = g(s)?/g(1)?
so that By1(.) is a variance-transformed Brownian motion with directing process v. See
Davidson (1994, Section 29.4) and Cavaliere (2005) for discussion of transformed Brownian

motion.
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Remark 3 The limiting distributions stated in Theorem 1 are not pivotal and depend on the
sample path of the volatility process g(.). The pivotal limit results in KPZ can be recovered
only if g(.) = o in which case By1(.) reduces to the standard Brownian motion Bi(.). The
practical implication of this result is that the KPZ tests in general have incorrect asymptotic

size in the presence of nonstationary volatility.
Next, we state the large sample result for the BP tests under Héo):

Theorem 2 Suppose Assumptions A1-A/ hold. Then, under H(()O), we have

w LI {ABga(Airn) = A Bya (A )} {Q(AJ 92(Nit1) = G(Nit1)*Bya(N)
P 2 S VTP PR Y T 1 G0 — G0 )
= GY(\k)
Gi(k) = sup GY(\ k)
AEAE

UDmazx; — max {sup GY(), k)}

1<k<A | xeak

Remark 4 The limit distributions of the BP tests under the stable I1(0) null hypothesis are
not pivotal under nonstationary volatility and depend on the volatility process g(.). Only
when g(.) = o can we recover the pivotal limit distribution obtained by BP (stated in their
Proposition 6). Therefore, using the critical values tabulated in BP will lead to incorrectly
sized tests in gemeral when monstationary volatility is present. The non-robustness of the
Andrews (1993) and Andrews and Ploberger (1994) tests for a single break to shifts in the

marginal distribution of the regressors was earlier demonstrated by Hansen (2000).

Remark 5 The absence of large sample invariance of the KPZ and BP tests to unconditional
heteroskedasticity continues to hold for the heteroskedasticity-robust versions of these tests
even though the limits differ from those obtained in Theorems 1 and 2 [See Remark 12 in
Georgiev et al. (2018)]. Monte Carlo simulations (unreported) did not reveal any particular
improvements of the robust versions over their non-robust counterparts in the presence of
unconditional heteroskedasticity so our analysis focuses on the latter set of tests which are

simpler to implement in practice.
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5 The Wild Bootstrap

The large sample analysis in the preceding section shows that the testing procedures of
KPZ and BP are not robust to the presence of nonstationary volatility. In order to solve
the identified inference problem, this section proposes wild bootstrap versions of these tests
and establishes their asymptotic validity under Assumption A1-A4 thereby permitting their
application to a general class of heteroskedastic data generating processes. Unlike the stan-
dard residual bootstrap, the wild bootstrap procedure (Liu, 1988) can mimic the pattern
of heteroskedasticity in the errors and therefore replicate the first order limit distributions
of the test statistics derived in Section 4. We further show that the bootstrap KPZ and
BP test statistics remain consistent under the relevant alternatives so that the procedures
can be reliably employed in practice to detect instability in persistence. Since the direction
of persistence change is typically unknown, our subsequent analysis will only consider the
Wi(.), Wmazy, G1(.), UDmaz, tests which are also the statistics we recommend for use in
practice. Section 5.1 presents the bootstrap algorithm, Section 5.2 establishes the asymptotic
validity of the procedure under the null hypothesis of no structural change in persistence,
Section 5.3 demonstrates the consistency of the proposed tests, and Section 5.4 proposes and

justifies a sequential procedure for estimating the number of breaks.

5.1 The Bootstrap Algorithm

Since the null hypothesis Hy accommodates both (1) and I(0) processes, the algorithm is
based on generating two kinds of bootstrap samples, one of which is I(1) while the other is
1(0), conditional on the data {y;}1_,. The I(1) bootstrap samples will be used to approximate
the finite sample distribution of the KPZ statistics while the I(0) bootstrap samples will
be used to approximate the distribution of the BP statistics. Note that our approach is
in contrast to CT’s bootstrap scheme in which the bootstrap samples are generated only
under the 7(0) null given that they do not consider the (1) case. Further, for reasons
discussed below, our proposed bootstrap scheme is not recursive as that employed in Xu
(2008) for the stationary autoregressive model. Denote by {v;; t = 1,...,T} a sequence of
i.i.d. random variables with zero mean and unit variance that are independent of {y;},.
We now enumerate the steps involved in generating the two types of bootstrap samples. We
start with the I(1) case.

(A) I(1) Bootstrap Samples

12



1. Estimate the regression

lr
Ay=Y mlyj+ef; t=Ilp+2,...T (8)

j=1

where I7 is chosen by BIC based on (8). The estimates are denoted (Ir, 71, e )
Obtain the residuals {¢é;} as

lp
ét = Ayt — Z%jAyt—j; t= lT + 2, ,T

j=1
2. Obtain the bootstrap residuals {egl)} as

egl) :étvt, t:ZT+2,,T

3. Generate the bootstrap sample {yﬁl)} as

g = oy e t=lp+2,.,T

ygl) = yy t= 1,...,ZT+1 (9)

4. Construct the bootstrap versions of the Wi(.) and Wmax; statistics using {ylfl)}thl

based on a specification that does not include any lagged first differences of yil).

5. Repeat steps (2)-(4) B times to approximate the bootstrap distribution of the statistics
in step (4).

(B) I(0) Bootstrap Samples

1. Estimate the regression

lr
yt:c+ayt_1+Z7TjAyt_j+e:; t=Ilr+2,..,T (10)

Jj=1

where [ is chosen by BIC based on (10). The estimates are denoted (¢, &, Ir, 71, e, T7,)-
Obtain the residuals {¢;} as

Ir

€ =Y —C— QY1 — Z@Ayt,j; t= ZVT +2,...,T
=1
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2. Obtain the bootstrap residuals {eff”} as

ego) = gtvt, t= TT + 2, ,T

3. Generate the bootstrap sample {yﬁo)} as

yﬁo) = e§°), t:lNT+2,...,T
yO = 0, t=1,.,0p+1 (11)

4. Construct the bootstrap versions of the Gi(.) and UDmaz, statistics using {y\”}Z_,

based on a specification that does not include any lagged first differences of yfo).

5. Repeat steps (2)-(4) B times to approximate the bootstrap distribution of the statistics
in step (4).

For the I(1) scheme (A), we do not introduce short-run dynamics in the bootstrap DGP
(9) through the inclusion of lagged first differences, i.e., we do not “recolor” the innovations
using the estimates {7;} in the terminology of Cavaliere and Taylor (2009). The reason is
that the estimated lag polynomial may fail to satisfy Assumption A2 so that recoloring the
innovations leaves open the possibility that the bootstrap sample is generated from a data
generating process with explosive roots or more than one unit root. Indeed, Cavaliere and
Taylor (2009) note this possibility in their Monte Carlo simulations when testing the null
hypothesis of a unit root.> Our proposed scheme (A) rules out explosive or multiple unit
roots in the bootstrap DGP by generating the bootstrap sample {ylgl)} as partial sums of the
bootstrap residuals which are serially independent, conditional on the data. Such a partially
recursive scheme was also employed by Cavaliere and Taylor (2008a) in devising bootstrap
unit root tests.

The 1(0) bootstrap scheme (B) is non-recursive since we do not “add back” the con-
ditional mean component based on the parameter estimates. Rather, our bootstrap data
{y§0)} have constant (zero) mean and are serially independent, conditional on the data. Us-
ing a recursive scheme leads to tests with lower power relative to the non-recursive scheme
when the original data contain an I(1) segment. The reason is that the estimated full sample
persistence parameter converges to unity at rate 7' so that the recursive bootstrap samples

are effectively drawn from an autoregressive process with a root close to unity. This feature

3We observed this feature in our Monte Carlo experiments as well.
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contributes to an increase in the bootstrap critical values (relative to the non-recursive boot-
strap) which in turn has an adverse effect on power. The issue was illustrated by Gulesserian
and Kejriwal (2014) in the context of stationarity testing based on the sieve bootstrap in the
homoskedastic case. Monte Carlo simulations in the present context suggest notable power
gains from using the non-recursive form of the wild bootstrap for alternatives that involve

switches between I(1) and I(0) regimes (see Section 7).

Remark 6 Step 4 in both (A) and (B) constructs the bootstrap statistics from an AR(1)
specification instead of one that includes the lags of the first differences. The reason is that
the bootstrap residuals {eil)} in scheme (A) and the bootstrap residuals {yfo)} in scheme (B)
are serially independent, conditional on the data. It is therefore not necessary to control
for serial correlation through the lagged differences in the bootstrap regression. Indeed, our
Monte Carlo simulations (unreported) confirmed that using an AR(1) bootstrap specification

resulted in improved finite sample properties (size and power) of the testing procedures.

Denote the bootstrap analogues of Wi(k), Wmazxy, Gi(k) and UDmaxz, statistics by
Wi(k), Wmazxi, Gi(k) and UDmax} respectively. The associated p-values are denoted
Prwy > Divmazs Py 804 D pags Tespectively.! For instance, pyw, = 1 — Df;(Wi(1)), where
D7 4 (.) denotes the cumulative distribution function of Wy(1) and Wi(1) denotes the value
of the statistic computed using the original data {y;}1_,.5 Similarly, for a given significance
level 7, denote the bootstrap critical values of Wi (k), Wmazx,, Gi(k) and UDmax; by
vy 1 (N)s U maz (M), vy (1) and cvy . (1), respectively. Finally, define our proposed statis-
tics H*(k,n) = min [Wl(k) w“’—k(n)Gl(k’)] and Hmaz;(n ) = min [Wmaxl, MUDmaxl].

’ Cv;k(n) C”;,mam(ﬁ)

Henceforth, we will refer to H*(.,.) and Hmaxj(.) as the “hybrid” tests.

5.2 Asymptotic Size

The following two theorems establish that the wild bootstrap can successfully replicate the
first order asymptotic distribution of the test statistics. Let U]0, 1] denote a uniform distri-

bution over [0, 1].

Theorem 3 Under the conditions of Theorem 1, (i) W (k) =, max[F?, (k), F(k)], Wmax?
=y maxicp<a {max[Fy, (k), F(R)]} 5 (i) piw, = U00,1], Plymes — U0, 1].

4The dependence of the p-values on the sample size T is suppressed for economy of notation.
>The bootstrap distribution is unknown in practice and is approximated by B Monte Carlo replications.
As shown in Hansen (1996), the approximate p-value converges to the true p-value as B — oo.
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Theorem 4 Under the conditions of Theorem 2, (i) Gi(k) <, supy, enr GY(\, k), UDmax;
* maxicpen {5 cas GUO R} (i) By 5 U10,1), B 2 U[0, 1],

A consequence of Theorems 1 and 2 is the following corollary which states that, for a

given significance level 7, the statistics Hj (k,n) and Hmax}(n) have asymptotic size at most

n.

Corollary 2 Suppose Assumptions A1-A4 hold. Then, under Hy, limp_ .., P(H*(k,n) >
vy, () < 1 and P(Hmazi(n) > vy, 4. (1) < 1.

w,max

5.3 Consistency

The following result states the consistency of the test statistics when the time series is subject

to k = m structural changes in persistence:

Theorem 5 Suppose Assumptions A1-A4 hold and \° € A™. Then, under each of H,S,lr)n, Hél)

,M

(0) « p . p « P X p
and Hyy,, we have py, w, — 0, Piyima: — 0, Ding, = 0, Dipmaz — 0-

5.4 Estimating the Number of Breaks

Based on Corollary 2 and Theorem 5, a bootstrap procedure can be devised to estimate the
number of breaks based on a sequential test of the null hypothesis of | breaks against the
alternative of [ 4+ 1 breaks. Kejriwal (2018) proposes a sequential approach based on asymp-
totic critical values assuming conditional homoskedasticity. Dealing with heteroskedasticity
entails not only the use of bootstrap critical values but also renders invalid employing the
full sample critical values when testing stability in each of the (I + 1) segments. The latter
feature is due to the fact that unlike the homoskedastic case, the time-varying nature of the
volatility process leads to different limit distributions of the test statistics across the differ-
ent segments. We propose a new bootstrap sequential procedure that remains valid in the
heteroskedastic case and involves a non-trivial modification of the corresponding procedure
that assumes homoskedasticity.

We first develop a sequential test of the null hypothesis of /(> 1) breaks against the
alternative of (I + 1) breaks. To this end, we partition the sample into (I + 1) segments
using the [ estimated break dates (Tl, e Tl) obtained by minimizing the unrestricted sum of
squared residuals, i.e., the intercept, slope ( the persistence parameter) and the coefficients
of the lagged first differences are all allowed to be regime-specific. The one break KPZ and

BP statistics are then computed using data from each of the estimated (I+ 1) regimes. These
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statistics are denoted Wl(i)(l) and Ggi)(l), respectively, for ¢ = 1,...,1 + 1. The parameter
estimates in each of the (I + 1) estimated regimes are used to generate the regime-specific
I(1) and I(0) bootstrap samples based on schemes A and B respectively, as detailed in
Section 5.1. These samples are used to compute the bootstrap p-values of the statistics
W(1) and G (1), denoted by p’{%},)l and p’{g)l, respectively (: = 1,...,1 + 1). For a given
significance level 7, we reject the null of [ breaks in favor of (I 4 1) breaks if
 min {pi} <mi (12)
where pf = max{p’{:%,pi:g)l} and 7,,; = 1 — (1 — )Y@ As shown in Appendix A, the
decision rule (12) has asymptotic size at most 1 under the null hypothesis of | breaks.
The various steps associated with the implementation of the sequential procedure can

now be enumerated as follows:

1. Test the null of no break (Hy) against the alternative of at least one break. For a given
significance level 7, we reject Hy if p .. = max{ ply.maes Pipmaz s < 7 @nd conclude in
favor of at least one break; otherwise the procedure stops and the number of breaks is

estimated to be zero.

2. Upon a rejection in step 1, use the decision rule (12) with [ = 1 to determine if there
is more than one break. This process is repeated by increasing [ sequentially until the

test fails to reject the null hypothesis of no additional structural breaks.

3. The estimate m is obtained as the total number of rejections obtained from steps 1
and 2.

The following result ensures that the probability of selecting the true number of breaks

employing the above sequential approach is at least (1 — 1) in large samples:

Theorem 6 Under the conditions of Theorem 5, limr_,o, P(1h = m) > 1 —n.

6 Extensions

This section discusses extensions to the bootstrap procedures advocated in the preceding
section to deal with the following issues: (1) the presence of deterministic trends; (2) dis-
tinguishing between a process driven by pure trend shifts from one that is accompanied by

shifts in persistence. We consider each of these issues in turn.
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6.1 Deterministic Trends

In order to deal with the potential presence of deterministic trends, we consider an extension

of (1) that includes the possibility of m breaks in the deterministic trend:

)
Yt = Mo + Bot + Zj:l NjDth + ijl BjDTjt + U
U = 'UJT;)_I + ht

1 t:ﬂ()_1+1aTi()—1+27“'7TiO; (13)
he = ajhy—y + 22;:1 mijAhy_j + e

i=1,..,m+1

hTiOfl — ... = hTi0,1*p+1 - 0 )

where DUy, = I(t > T}), DTy = I(t > T})(t = T}); j = 1,...,m. The data generating
process (13) can be expressed as
p—1

Yo = ¢+ bit + oy + Z T Ay + e (14)
j=1

with

i p—1 i—1
¢ = (1-w) {Mo + > (= BT + “Tf_l} T <ai - Z%) {50 + Zﬁa}
=1 j=1 J=1
i—1

bi = (1—ai)(Bo+ Zﬁg) (15)

The estimating regression therefore takes the form

p—1
Ay =ci+bit + (0 — Dy + Y 1Ay +¢;
j=1

with ef denoting the regression error. KPZ propose tests of the null hypothesis Elél): c; =
¢, a; =1 for all 7 in (14). Note that under I:jél), b; = 0 for all 7 so that the process follows a
stable unit root process with possible drift. As in the non-trending case, KPZ consider two
models under the alternative hypothesis depending on whether the initial regime is trend or
difference stationary. In accordance with the notation in Section 3, the test statistics in the
trending case are denoted by Fy, (N, k), Fop(A, k), Wa(k) and Wmaxy. KPZ show that the
limit distributions of the statistics under ﬁél) are pivotal under error homoskedasticity but
different from those in the non-trending case.

We now turn to testing the null of a stable trend stationary process, i.e., H(()O): G =

18



¢, by =0, a; = « for all i where |o| < 1 in the model

p—1
Y = ¢ + bt + a1 + + Z T Ay + e (16)
=1

Wﬁh(%::(1—wm){u0%—§27iﬂuj—w%ﬂ?)}%—ai{ﬁo+-23;iﬁj}andbiddhwdzﬁin(15)
The estimating regression takes the form
p—1

Ay = ¢+ bit + (q; — Dy—1 + + Zﬂ-jAyt—j + e} (17)

=1

The test statistic for a fixed number m = k changes is based on
_ cap 0 (0)
Go(A k) = [T = 3(k + 1)](SSRy — SSRy;)/[KSSR ;] (18)

In (18), 5’5}3(()0) denotes the sum of squared residuals under ﬁéo), i.e., that obtained from
OLS estimation of (17) subject to the restrictions ¢; = ¢, b; = b, «; = « for all i. The quantity
SS jo,i denotes the sum of squared residuals obtained from unrestricted OLS estimation of
(17). The test statistic is then defined as Ga(k) = supy cax Ga(A, k). When the number of
breaks is unknown, the relevant test statistic is UDmazy = maxj<g<a Ga(k). The limit
distributions of Gs(.) and UDmaxs under error homoskedasticity are derived in Kejriwal
(2018).

Under Assumptions Al1-A4, the above test statistics are not asymptotically pivotal and
depend on the sample path of {o,} as demonstrated in Section 3 for the non-trending case.
We propose the following bootstrap algorithm that enables asymptotically valid inference in
the trending case. As in Section 5, we generate both /(1) and I(0) bootstrap samples to

ensure that the procedure has correct asymptotic size under ﬁo, where f]o = ﬁél) U ﬁéo).

(A’) I(1) Bootstrap Samples

1. Estimate the regression

lr
Ayt:c—i—Zﬂ]Ayt,j—i—ef, tIlT+2,7T (19)

J=1

where I7 is chosen by BIC based on (19). The estimates are denoted (&, Iz, %1, ..., T.)-
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Obtain the residuals {&,} as

Ir
Go=Ny— =Y Filyj; t=Ip+2,..T

j=1
2. Obtain the bootstrap residuals {egl)} as

61(51) =Cuy; t= Ir+ 2,...,T

3. Generate the bootstrap sample {yt(l)} as
u’ = yh+es =l 42T

yt(l) = y; t= 1,...,lvT—i-1 (20)

4. Construct the bootstrap versions of the Ws(.) and Wmaxs statistics using {yt(l)}thl

based on a specification that does not include any lagged first differences of y,gl).

5. Repeat steps (2)-(4) B times to approximate the bootstrap distribution of the statistics
in step (4).

(B’) I(0) Bootstrap Samples

1. Estimate the regression

I
yt:c+bt+ayt_1+27rjAyt_j+ef; t=Ilr+2,..,T (21)
j=1

where [7 is chosen by BIC based on (21). The estimates are denoted (&, b, &, lr, T, e, )
Obtain the residuals {¢;} as

Ir
€ = Yr — c— bt — aytfl - Z%,Ayt,j; t=Ilr+2,....,T
j=1

2. Obtain the bootstrap residuals {ego)} as

ego) = gﬂ)t; t= TT + 2, ,T
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3. Generate the bootstrap sample {yﬁo)} as

yfo) = eﬁ‘”; t:7T+2,...,T
O = 0 t=1,.,0r+1 (22)

4. Construct the bootstrap versions of the Gs(.) and UDmax, statistics using {ygo)}tT:1

based on a specification that does not include any lagged first differences of ylfo).

5. Repeat steps (2)-(4) B times to approximate the bootstrap distribution of the statistics
in step (4).

The difference between the schemes (A) and (A’) is that the residuals imposing the
I(1) null hypothesis in step 1 of the latter are obtained using a regression that includes a
constant to account for the possible drift in the process. Similarly, the residuals in scheme
(B') are based on a regression that includes a deterministic trend. Note, however, that the
bootstrap samples in both (A’) and (B’) are generated in a manner similar to those for (A)
and (B), respectively. In particular, it is not necessary to include the estimated drift in step
3 of (A’) when constructing {y§”} or the estimated deterministic trend in step 3 of (B’)
when constructing {yt(o)} given that the test statistics Ws(.) and G5(.) are invariant to their
presence in the data generating process.

The bootstrap analogues of Wy(k), Wmazs, Go(k) and UDmazx, and the associated
p-values are obtained as described in Section 5.1. The sequential procedure outlined in
Section 5.4 is accordingly modified so that the bootstrap critical values are now obtained
from schemes (A’) and (B’). The following result states the large sample validity of the

proposed procedure in the potential presence of deterministic trends:

Theorem 7 Suppose Assumptions A1-A4 hold. Under bootstrap schemes (A') and (B'), (i)
Corollary 2 holds with Hy replaced by H, (ii) Theorems 5 and 6 hold.

6.2 Disentangling Trend and Persistence Shifts

An important feature of the test statistics developed in Sections 5.1 and 6.1 is that they are
tests of the null hypothesis that the trend function parameters and the persistence parameter
are jointly stable. Consequently, the tests have power against processes that are driven by
pure trend shifts with no accompanying change in persistence. To distinguish between trend
and persistence shifts, we can adapt the three-step approach recommended in Kejriwal (2018)

for the homoskedastic case to the present context.
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Consider first the non-trending case. The first step entails determining the number of
breaks (m) using the sequential procedure described in Section 5.4 and the associated break-
point estimates (Tl, Ty, ..., Tm) obtained from the unrestricted model that allows all parame-
ters including the coefficients of the lagged first differences to change across regimes. Second,
using the estimated breakpoints, the Wald statistic for testing the null hypothesis of stable
I(0) persistence is constructed [i.e., constancy of «; over all i in (4)] while allowing all other
parameters to vary across the (1 + 1) regimes. To account for nonstationary volatility,
the Wald statistic should be computed using a heteroskedasticity-robust estimator of the
variance-covariance matrix.% Third, the null hypothesis of stable I(0) persistence is rejected
if the computed Wald statistic is significant at the specified level where the critical value is
obtained from the x?(rn) distribution. Otherwise, the null is not rejected and we conclude
in favor of a model with pure level shifts.

The analysis in the trending case is complicated by the fact that the process can be either
I(1) (with a possibly time-varying drift) or /(0) (around a broken deterministic trend).
As in Section 6.1, we can develop tests separately for the 7(1) and 7(0) null hypotheses
and choose as the critical region the intersection of the critical regions of the two tests.
The three-step approach can be implemented as follows. In the first step, the estimate
of the number of breaks (say im) is obtained applying the modified sequential procedure
suggested in Section 6.1. The associated breakpoints are now computed from the unrestricted
specification (16). Second, we compute the Wald statistic (against using heteroskedasticity
robust standard errors) for testing the null hypothesis of constant persistence allowing the
trend function parameters and the coefficients of the lagged differences to change at the
estimated breakpoints. In the 7(0) case, the statistic has a limiting y?(m) distribution so
that standard critical values (with /m degrees of freedom) can be used.” In the I(1) case, the
statistic has a non-pivotal limit even in the homoskedastic case depending in particular on
the vector of break fractions \” (Kejriwal, 2018). To achieve asymptotically valid inference,
we can apply a second wild bootstrap scheme based on residuals estimated under the version
of the model (19) that allows the level to change across regimes at the estimated breakpoints.

The I(1) bootstrap samples can then be obtained from a data generating process that now

6Phillips and Xu (2006) show that for an AR(p) model, the Eicker-White standard errors are asymptoti-
cally valid in the presence of nonstationary volatility. Alternatively, a wild bootstrap test could be employed
where the bootstrap samples are drawn using a non-recursive scheme similar to scheme (B) but one that
accommodates the estimated level shifts in the bootstrap DGP.

T Alternatively, a wild bootstrap test based on a scheme similar to (B’) could be used where the bootstrap
DGP is constructed allowing the trend function to change at the estimated breakpoints using the regime-
specific trend function estimates.
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includes the estimated regime-specific drift in (20) [in contrast to scheme (A’)]. The bootstrap
distribution of the Wald statistic can then be approximated using Monte Carlo simulation
from which the relevant critical values can be obtained. Finally, the null hypothesis of stable
[I(1) or 1(0)] persistence is rejected if the I(0) and (1) Wald statistics are both significant

at the specified level using their respective critical values.

7 Monte Carlo Evidence

This section presents Monte Carlo evidence to assess the finite sample performance of the
recommended procedures as well as provide a comparison with existing approaches. We con-
sider a variety of data generating processes (DGPs) characterized by nonstationary volatility
where the specifications for the volatility process are borrowed from the Monte Carlo design

of CT to enable comparison with their tests. The three volatility specifications are as follows:
1. Model 1 [Single Volatility Break|: o, = of + (0] — o§)I(t > 0.5T))

2. Model 2 [Trending Volatility]: o; = o + (07 — 03) (&)

3. Model 3 [Near-Integrated Stochastic Volatility]: o, = o} exp(0.50b;/v/T), by = (1 —
C/T)bt_l + ]{?t, kt ~ 1.0.d. N(O, ].), b() = 0.

Following CT, we set of = 1 in all cases, d§ := /o] € {1,1/3,3} for Models 1 and 2,
v =>5and ¢ € {0,10} for Model 3. Next, a sequence {2}, is generated by the ARMA(1,1)

process

2 = py_1+e —0e1, 20=0
€ = O0¢&¢

e ~ iid N(0,1)

The level of trimming is set at ¢ = 15% and 1000 Monte Carlo replications are used in
all experiments. The sample size T € {200,400} in all experiments except those in section
7.4 where T' € {400,600}. We report results for the non-trending case only given that the
results for the trending case are qualitatively similar.

The lag length in the KPZ and BP procedures was selected using BIC with the maximum
allowable number of lags set to five.® We report the performance of the tests H*(k,n); k =

8We also experimented with larger values but found that they yielded comparable size but lower power,
especially for the multiple break and sequential tests. The BIC was computed under the null model for each
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1,2 and Hmazi(n) = max{H*(1,n), H*(2,n)}. For brevity, we suppress the dependence on
71 henceforth. As a benchmark for comparison, we include CT’s single break bootstrap tests of
the 7(0) null hypothesis based on the ratio of partial sums of residuals. In their notation, they
recommend the tests Ky, K] and Iy = max(KCy, K]), where IC; and K} are designed to detect
the 1(0)-1(1) and I(1)-1(0) alternatives, respectively. We do not reproduce the expressions
for the tests here and refer the reader to their original article for details. The wild bootstrap
for the hybrid tests are implemented using a two point distribution (v; € {—1,1} with equal
probability for each value) while the standard normal distribution is used for the CT tests.
While the choice of distribution was found to have little impact on the CT tests (as also
noted by the authors), our simulations showed notably improved finite sample properties of

the hybrid tests when using the two-point distribution relative to the normal.

7.1 Finite Sample Size

In the no persistence change case, the time series {y;} is generated as

¢ DGP-0:

Yo = 0 (23)

Table 1 presents the empirical size of 5% bootstrap tests. As expected, the CT tests
have rejection probabilities close to 5% under Héo), i.e., « < 1. Under H((]l), however, these
tests are severely oversized for all three volatility models (including the homoskedastic case)
and serial correlation configurations. The proposed tests, however, are robust to whether
the process is I(1) or 1(0). The H* tests are more accurately sized when a € {.5,1} but
less so when o = .7. This is because the tests are a hybrid of the KPZ and BP tests which
individually have size close to 5% when o = 1 and a = .5, respectively. When o = .7, the
BP tests are mildly over-sized while the KPZ tests diverge at rate 7" which explains the size
distortions of the hybrid tests. Similar reasoning explains the slightly higher sizes observed

for the hybrid tests when the sample size increases, especially when a = .7 and the errors
are MA(1).

test. No qualitative differences were observed if lag selection was implemented instead under the alternative
model.
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7.2 Finite Sample Power

To examine finite sample power, we consider DGPs with one and two breaks. To economize
on space, the results are reported for the case p = § = 0 and briefly summarized for the

other cases. The DGPs in the one break case are specified as follows:

Fort < [TA)] | Fort>[TA)]+1

DGP-1 | yy= ay,_1+21 | = Yp_1+21

DGP-2 | yy= y,_+2 Yt=Yra9= a(yt—l_y[ﬂ‘f]) + 2

DGP-3 | yy= aqYi—1+2¢ | Y= Qolr—1+24

For DGP-1 and DGP-2, we let o € {.5,.7} while for DGP-3, we take ay,ay € {.2,.9} and
define &« = as — ;. The breakpoint is set at )\? = .5. The findings are presented in Table
2. We report size-adjusted power so that all tests have empirical size at most 5% under
H,.? Several features of the results are worth noting. First, the hybrid tests are generally
more powerful than the CT tests. The exception occurs in the case of an I(1) regime with
(relatively) high volatility (e.g., DGP-1 with 6 = 1/3 and DGP-2 with § = 3). This pattern
arises since such a process is dominated by the 7(1) component so that the sampling behavior
of the tests mimics that obtained with a stable I(1) process. In Appendix B (Table B-2), we
show that power improves considerably if the 7(0) regime is longer and/or the volatility shift
is less prominent. Second, the CT tests only have trivial power against I(0)-preserving breaks
(DGP-3) which is expected given that they are designed to detect changes between /(1) and
1(0) regimes. In contrast, the hybrid tests have substantial power in this case implying that
using the KPZ tests to control size in the I(1) case causes little power loss relative to using
the BP tests in isolation. Third, the hybrid tests are generally more powerful when the time
series is driven by deterministic volatility (Models 1 and 2) rather than stochastic volatility
(Model 3). With serially correlated errors, the results (Tables B-3 and B-4 in Appendix B)

are qualitatively similar except that power is lower for all the tests relative to p = 6 = 0.

9Gize adjustment is important for power comparison given that the CT tests are considerably over-sized
in the I(1) case.
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With two breaks, the DGPs are specified as follows:

For t < [TAY] | For [TAY] +1 <t <[T)\)] For t > [TA)] + 1

DGP-4 | yi=y, 1+ Y=Y = Yy 1 —Yro) + 2, | Y= Y12

DGP-5 | yy= ay, 1+2 | Y= Y12 Y=Y = (¥, —Yrag) + 2

DGP-6 | yi= a1ys—1+2¢ | Y= Qo¥p—1+2¢ Y= Y1124

Define & = oy — a; for DGP-6. The true breakpoint vector is set at (AJ, \)) = (.3,.8).
The pattern of results, reported in Table 3, is broadly similar to the one break case with the
power advantages of the hybrid tests more apparent, especially for DGP-4 and DGP-6. This
is unsurprising given that the CT tests are directed against the alternative of a single break.
An interesting feature of the hybrid tests is that when the first regime has lower persistence
relative to the second, H*(1) has higher power than H*(2) even though the former is based
on a misspecified model. However, Hmaxz; has adequate power in most cases, often close to
that of the more powerful test among H*(1) and H*(2). This feature highlights the practical

advantage of using Hmaz] to detect the presence of at least one break in applications.

7.3 Comparison with Recursive Bootstrap

In order to highlight the advantages of employing the proposed bootstrap schemes A and
B, we now provide a comparison with the fully recursive bootstrap schemes. The recursive

counterpart of scheme A entails replacing step 3 in scheme A with the recursion

yt(l) = 1+Z7TjAy(1) —|—ut ; t:fT+2,...,T

yt(l) = yy t= ,...,lT—|—1 (24)

while the recursive counterpart of scheme B involves replacing step 3 in scheme B with the

recursion

y,fo) = c+oay +Z Ayu+u§0), t=1Ir+2,..,T
7j=1
O = 0 t=1,.,0r+1 (25)

Since the bootstrap data obtained from (24) and (25) are serially correlated, conditional on

the original data, the bootstrap statistics will now need to be adjusted by including lagged
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first differences in the estimated regression as in the construction of the statistics based on
the original data {y;}. The lag length is again chosen using the BIC. Table 4 reports the
empirical size and size-adjusted power (only in the single break case, for brevity) of the
recursive bootstrap tests (denoted with a superscript “r”) for p = § = 0. The procedure has
accurate size in general with a tendency to under-reject in some cases. A power comparison
with Table 2 reveals that the recursive bootstrap tests are generally less powerful than the
hybrid tests for DGP-1 and DGP-2 which contain an /(1) segment, in accordance with
the discussion in Section 5.1. For DGP-3, the two approaches yield comparable power. The
power gains are even more transparent if one were to a priori rule out the 7(1) null hypothesis
and hence apply the BP tests in isolation (see Tables B-7 and B-8 in Appendix B). Overall,
these findings favor the use of the proposed scheme over the recursive scheme in terms of its

relative ability in detecting persistence change.

7.4 Number of Breaks

The sequential testing algorithm developed in Section 5.4 is assessed by its effectiveness in
estimating the true number of breaks when the data are generated by DGP 0-6. We apply the
algorithm with A = 2 and n = .10.1° The results are presented in Table 5, where P, denoting
the probability of “correct” selection and P, denoting the probability of “over-estimation”.
The procedure is generally reliable when the time series is stable (DGP-0) or is subject to
a single break (DGP 1-3) consistent with the findings in Tables 1 and 2. Its performance,
however, deteriorates in the two breaks case where the likelihood of underestimation can be
non-negligible, especially when the first regime has mild persistence. For instance, in DGP-
5 with an abrupt increase in volatility (model 1 with 6 = 1/3), the breakpoint estimate
used to partition the sample into two segments (following evidence of at least one break
in the first step) is typically close to the second true breakpoint, so that the first segment
effectively includes a break from I(0) to /(1) while the second segment is effectively 1(0).
Whether a second break is selected then depends on the power of the single break test in the
first segment, which is shown to be relatively low (see Table 2). Similarly, with decreasing
volatility, the breakpoint is estimated near the first true date so that selecting an additional
break depends on the power of the single break test in the I(1)-7(0) case. In additional

simulations reported in Appendix B (Table B-9), we observed a notable improvement in

10We also experimented with 1 = .05 but found that that the underestimation probabilities were consid-
erable in many cases and that 7 = .10 appeared to provide the best compromise in terms of the size-power
tradeoff.
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performance as the magnitude of the volatility shift decreases and/or the volatility shift is
such that it occurs near the second persistence break in the increasing volatility case and
near the first break otherwise. Further refinement of the algorithm to increase its reliability

in detecting multiple breaks is a potentially interesting topic for future research.

8 Empirical Application: OECD Inflation Rates

The persistence of inflation plays a key role in the formulation and evaluation of quantitative
macroeconomic models. Evidence in favor of high and unchanged persistence from reduced
form specifications across different monetary policy regimes has generally been construed as
suggesting that inflation persistence is a feature that any reasonable model for the economy
should be able to replicate. The Lucas Critique, on the other hand, suggests that the para-
meters of macroeconometric models depend implicitly on agents’ expectations of the policy
process and are unlikely to remain stable as policymakers change their behavior, if agents
are forward looking. An empirical finding of high and stable persistence in such a context
can potentially be interpreted either in terms of the presence of a strong backward looking
component in the dynamics of inflation induced through, say indexation or rule-of-thumb be-
havior on the part of the price setters, or in terms of historical policy shifts being of relatively
modest magnitude. In contrast, Erceg and Levin (2003) suggest that inflation persistence
is not an inherent characteristic of the economy but rather varies with the credibility and
transparency of the monetary regime. Similarly, Orphanides and Williams (2004) show that
the absence of a long-run inflation objective for the monetary authority leads to substantially
higher inflation persistence relative to an environment where the inflation objective is clearly
understood by price-setters.

While early empirical studies (e.g., Cogley and Sargent, 2001; Stock, 2001) examined
the stability of inflation persistence within a framework that assumes constant uncondi-
tional volatility, subsequent investigations recognized the importance of accounting for time-
varying volatility and its potential impact on our understanding of the nature of persistence.
Cogley and Sargent (2005) estimate Bayesian VARs with drifting coefficients and stochastic
volatility and conclude in favor of a decline in U.S. inflation persistence associated with a
change in monetary policy while Primiceri (2005) employs similar but more general meth-
ods to stress the importance of exogenous non-policy factors in explaining the evolution of
inflation. Cogley, Primiceri and Sargent (2010) decompose inflation into a trend component
and an inflation gap component arguing that while inflation has remained persistent due to

movements in trend inflation associated with shifts in the Federal Reserve’s target, inflation
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gap persistence increased during the Great Inflation and declined after the Volcker disin-
flation. More recently, Bataa et al. (2013) examine the evidence for G-7 countries within
a VAR framework utilizing the multivariate break detection procedure of Qu and Perron
(2007) while Bataa et al. (2014) employ the univariate Bai and Perron approach to identify
breaks in mean, dynamics and the volatility of inflation. Both studies assume that inflation
is a I(0) process under the null hypothesis of stability and regime-wise 1(0) in the presence
of breaks, thereby ruling out the possibility of I(1) regimes. Kejriwal (2018) investigates
the persistence of OECD inflation rates allowing for unit roots but assumes conditional ho-
moskedasticity. The present paper contributes to this literature by employing the proposed
bootstrap approach to disentangle breaks in mean, persistence and volatility.

Our empirical investigation is based on monthly CPI inflation data for nineteen OECD
countries used in Noriega et al. (2013) and Belaire-Franch (2017). The data span the period
1960:1-2008:6 so that T" = 582, except for Germany and Korea where the starting point is
1960:2. The inflation rates are seasonally unadjusted and computed as i; = 1200(In P, —
InP;_;), where P; denotes the CPI at time t.!' The results are reported in Table 6. To
conserve space, we present only a subset of the results here, with the full set reported in
Table B-10. The analysis proceeds in six steps which we describe below.

First, we apply the sequential algorithm detailed in Section 5.4 with A = 5, ¢ = .15
and 7 = .10 to estimate the number of breaks 7 [column (2)]. Second, conditional on
m, the breakpoint estimates are obtained by minimizing the unrestricted sum of squared
residuals [column (3)]. Third, to distinguish persistence shifts from pure mean shifts, we
conduct Wald tests (at the 10% level) of the null hypothesis that the process is subject to
m mean shifts against the alternative hypothesis of 7 mean as well as persistence shifts (see
Section 6.2). This outcome is reported in column (4) where “Yes” indicates non-rejection
of the pure mean shifts hypothesis and “No” indicates otherwise. Here, a heteroskedasticity
robust standard error estimate is used to construct the statistics although a wild bootstrap
approach could also be used.!?

Fourth, based on the selected model, the largest (across regimes) estimated sum of
autoregressive parameters (“largest AR sum”) is computed [column (5)] along with equal-
tailed 90% confidence intervals [column (6)] based on the procedure advocated by Andrews

and Guggenberger (2014, AG henceforth) that allows uniformly valid inference over the

11'We prefer to use seasonally unadjusted rates since commonly used adjustment procedures such as Census
X-11 or X-12 can have adverse effects on the power of structural change tests by smoothing the time series
of interest (see Ghysels and Perron, 1996).

12Employing the wild bootstrap procedure in the present context yielded results identical to those reported.
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stationary and non-stationary regions of the parameter space as well as heteroskedasticity.'?
The BIC is used to select the number of lags within each regime with a maximum allowable
lag length of 12. Fifth, a comparison with the CT procedure is included to highlight the
differences among the two approaches in terms of model selection [columns (7) and (8)].
Sixth, unit root tests allowing for nonstationary volatility (Cavaliere and Taylor, 2009) are
conducted as a robustness check on the model selection results [column (9)].

We now turn to a discussion of the empirical results. Evidence of at least one break
(m > 0) is obtained for seven countries, of which two (Austria, Korea) favor an I(0) process
with a single mean shift. The AG interval estimates are consistent with the presence of
at least one I(1) segment in fourteen countries of which three are subject to at least one
persistence break. Interestingly, in four out of the five countries with persistence breaks, the
first break corresponds to an increase in persistence that occurs between the early and mid
Seventies, a period often described as one of “the Great Inflation” and commonly believed to
be associated with both a high level and high degree of persistence. In contrast, for France
and Germany which experience two persistence breaks, the second break is associated with
a persistence decline occurring in the Eighties and Nineties (see Table B-10).

Next, we provide a comparison between our results and those from the CT procedure.
For the latter, we first apply the test Iy (at the 10% level with 15% trimming) designed
to detect a single persistence change [/(1)-1(0) or I(0)-I(1)]. Upon a rejection, the p-values
of the tests K; and K} are computed and the direction of persistence change is determined
by the smaller of the two p-values. If both p-values are zero, the evidence is not conclusive,
i.e., the procedure cannot distinguish between the two alternatives (see Section 7 of CT).
Comparing the outcomes in columns (7) and (8) shows that the procedures agree only for
Luxembourg and Netherlands while they point to different models for all other countries.
The CT approach is inconclusive in seven cases. Further, in all of the eleven cases where
the proposed approach decides in favor of a pure I(1) process, the CT procedure suggests a
break in persistence. This pattern is consistent with the size distortions incurred by the latter
approach when the process is I(1), as documented by the simulation evidence presented in
Section 7. In the two cases where we select a pure mean shift process, the CT approach again
points to a persistence break which can be potentially explained by the non-robustness of
the approach to such processes.

Column (9) supplements our analysis with unit root tests applied to the regime with

I3A caveat is that the procedure allows conditional heteroskedasticity while assuming constant uncondi-
tional heteroskedasticity.
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the largest autoregressive sum estimate based on the selected model in column (7). To this
end, we report the p-value of wild bootstrap ADF test proposed by Cavaliere and Taylor
(2009) which is robust to nonstationary volatility.!* The lag length in the ADF regression
was selected using the Modified Akaike Information Criterion (MAIC) with the maximum
lag set at [12(7/100)*/4]. The test findings match the model selection outcomes in column
(7) for fourteen out of the nineteen countries, indicating a fair degree of consistency between
the two approaches.

To justify the importance of allowing for nonstationary volatility in the current context,
Figure 1 plots the volatility estimates obtained by fitting a nonparametric regression to the
squared residuals obtained by estimating the model selected in column (7), as suggested by
Xu and Phillips (2008). A Gaussian kernel is employed with the bandwidth chosen by cross

validation.'®

The estimates indicate considerable variation over time although the nature
of the variation is different across countries. While a smooth trend suggests itself for some
countries (e.g., France and Norway), more irregular movements are observed for others (e.g,
Belgium, UK, USA). A similar overall picture is obtained if one plots the estimated variance
profile as suggested by Cavaliere and Taylor (2007) indicating the nonstationary behavior of
the sample volatility paths is a key feature of the inflation data that, if ignored,.might lead
to potentially misleading inferential results.

Finally, to evaluate the impact of nonstationary volatility on persistence change, it is
useful to compare our results with the asymptotic sequential procedure of Kejriwal (2018)
which assumes homoskedasticity. Using the same dataset, Kejriwal (2018) concludes in favor
of a persistence change model for six additional countries (Canada, Finland, Greece, Japan,
UK, USA) all of which are found to be pure I(1) processes according to our analysis that
accounts for nonstationary volatility. Interestingly, Kejriwal’s analysis for USA suggests a
shift from a high persistence I(0) regime to a low persistence I(0) regime, consistent with
the views expressed in Sims (2001) and Stock (2001) that the case for unstable persistence

is weakened once allowance is made for shifts in the variance of the innovations.

4These authors also propose a wild bootstrap version of the Phillips and Perron (1988) test based on a
semiparametric correction for serial correlation. Our choice is motivated by the better size control of the
ADF test in finite samples (see Cavaliere and Taylor, 2009).

5Following Xu and Phillips (2008), we search over the bandwidths h; = ¢;7-%4, i = 1,...,4, where
{017 C2,C3, 64} = {257 .4, .6, 75}
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9 Conclusion

This paper proposes wild bootstrap sup-Wald tests for detecting persistence change in a
univariate time series driven by nonstationary volatility. We develop tests both against a
specified number of structural changes as well as procedures that do not assume knowledge
of the number of breaks. The set of alternative hypotheses considered include processes that
are characterized by switches between (1) and /(0) regimes and those that preserve the
1(0) nature of the time series in each regime. An alternative strategy to the bootstrap that
can be employed to account for unstable volatility is an adaptive least squares approach
based on a non-parametric estimate of the variance function. This approach has been taken
by Xu and Phillips (2008) to obtain efficient estimators relative to ordinary least squares in
an autoregressive model and by Beare (2017) to develop unit root tests robust to unstable
volatility that have pivotal limiting distributions. The adaptive method can also be poten-
tially applied in the context of persistence change testing to obtain asymptotically pivotal
test statistics. A comparison of the bootstrap and adaptive approaches in finite samples
would be of interest in order to evaluate their relative merits. We leave the exploration of

these issues as possible avenues for future research.

32



References

Andrews, D.W.K. (1993), “Tests for parameter instability and structural change with un-
known change point,” Fconometrica 61, 821-856.

Andrews, D.W.K., Ploberger, W. (1994), “Optimal tests when a nuisance parameter is
present only under the alternative,” Econometrica 62, 1383-1414.

Bai, J., Perron, P. (1998), “Estimating and testing linear models with multiple structural
changes,” Fconometrica 66, 47-78.

Bai, J., Perron, P. (2003a), “Computation and analysis of multiple structural change mod-
els,” Journal of Applied Econometrics 18, 1-22.

Bai, J., Perron, P. (2003b), “Critical values for multiple structural change tests,” Economet-
rics Journal 6, 72-78.

Basawa, 1.V., Mallik, A.K., McCormick, W.P., Reeves, J.H., Taylor, R.L. (1991), “Boot-
strapping unstable first-order autoregressive processes,” Annals of Statistics 19, 1098-1101.

Bataa, E., Osborn, D. R., Sensier, M., van Dijk, D. (2013), “Structural breaks in the inter-
national dynamics of inflation,” Review of Economics and Statistics 95, 646-659.

Bataa, E., Osborn, D. R., Sensier, M., van Dijk, D. (2014), “Identifying changes in mean,
seasonality, persistence and volatility for G7 and Euro Area inflation,” Ozxford Bulletin of
Economics and Statistics 76, 360-388.

Beare, B. K. (2017), “Unit root testing with unstable volatility,” Journal of Time Series
Analysis DOI: 10.1111/jtsa.12279

Belaire-Franch, J. (2017), “A note on the evidence of inflation persistence around the world,”
Empirical Economics 1-11.

Busetti, F., Taylor, A.M.R. (2004), “Tests of stationarity against a change in persistence,”
Journal of Econometrics 123, 33-66.

Cavaliere, G. (2005), “Unit root tests under time-varying variances,” Econometric Reviews
23, 259-292.

Cavaliere, G., Taylor, A.M.R. (2005), “Stationarity tests under time-varying second mo-
ments,” Econometric Theory 21, 1112-1129.

Cavaliere, G., Taylor, A.M.R. (2007), “Testing for unit roots in time series models with
non-stationary volatility,” Journal of Econometrics 140, 919-947.

Cavaliere, G., Taylor, A.M.R. (2008a), “Bootstrap unit root tests for time series with non-
stationary volatility,” Econometric Theory 24, 43-71.

Cavaliere, G., Taylor, A.M.R. (2008b), “Testing for a change in persistence in the presence
of non-stationary volatility,” Journal of Econometrics 147, 84-98.

33



Cavaliere, G., Taylor, A.M.R. (2009), “Heteroskedastic time series with a unit root,” Econo-
metric Theory 25, 1228-1276.

Cogley, T., Primiceri, G. E., Sargent, T. J. (2010), “Inflation-gap persistence in the US,”
American Economic Journal: Macroeconomics 2, 43-69.

Cogley, T., Sargent, T. J. (2001), “Evolving post-world war II US inflation dynamics,” NBER
macroeconomics annual 16, 331-373.

Cogley, T., Sargent, T. J. (2005), “Drifts and volatilities: monetary policies and outcomes
in the post WWII US,” Review of Economic dynamics 8, 262-302.

Davidson, J. (1994), “Stochastic Limit Theory,” Oxford: Oxford University Press

Diebold, F.X., Chen, C. (1996), “Testing structural stability with endogenous breakpoint a
size comparison of analytic and bootstrap procedures,” Journal of Econometrics 70, 221-241.

Diebold, F.X., Inoue, A. (2001), “Long memory and regime switching,” Journal of Econo-
metrics 105, 131-159.

Erceg, C. J., Levin, A. T. (2003), “Imperfect credibility and inflation persistence,” Journal
of monetary economics 50, 915-944.

Georgiev, 1. (2008), “Asymptotics for cointegrated processes with infrequent stochastic level
shifts and outliers,” Econometric theory 24, 587-615.

Georgiev, 1., Harvey, D. 1., Leybourne, S. J., Taylor, A.M.R. (2018), “Testing for parameter
instability in predictive regression models,” Journal of Econometrics 204, 101-118.

Ghysels, E., Perron, P. (1993), “The effect of seasonal adjustment filters on tests for a unit
root,” Journal of Econometrics 55, 57-98.

Giné, E., Zinn, J. (1990), “Bootstrapping general empirical measures,” Annals of Probability
18, 851-869.

Gulesserian, S.G., Kejriwal, M. (2014), “On the power of bootstrap tests for stationarity: a
Monte Carlo comparison,” Empirical Economics 46, 973-998.

Hansen, B.E. (1995), “Regression with nonstationary volatility,” Econometrica 63, 1113-
1132.

Hansen, B.E. (1996), “Inference when a nuisance parameter is not identified under the null
hypothesis,” Econometrica 64, 413-430.

Hansen, B.E. (1999), “The grid bootstrap and the autoregressive model,” Review of Eco-
nomics and Statistics 81, 594-607.

Hansen, B.E. (2000), “Testing for structural change in conditional models,” Journal of
Econometrics 97, 93-115.

Harvey, D.I., Leybourne, S.J., Taylor, A.M.R. (2006), “Modified tests for a change in per-
sistence,” Journal of Econometrics 134, 441-469.

34



Harvey, D.I., Leybourne, S.J., Taylor, A.M.R. (2009), “Simple, robust, and powerful tests of
the breaking trend hypothesis,” Econometric Theory 25, 995-1029.

Kejriwal, M. (2018), “A robust sequential procedure for estimating the number of structural
changes in persistence,” Working Paper, Purdue University.

Kejriwal, M., Perron, P. (2010), “Testing for multiple structural changes in cointegrated
regression models,” Journal of Business & Economic Statistics 28, 503-522.

Kim, J.Y. (2000), “Detection of change in persistence of a linear time series,” Journal of
Econometrics 54, 159-178.

Leybourne, S.J., Kim, T., Taylor, A.M.R. (2007), “Detecting multiple changes in persis-
tence,” Studies in Nonlinear Dynamics & Econometrics 11(3)

Liu, R.Y. (1988), “Bootstrap procedures under some non-iid models,” Annals of Statistics
16, 1696-1708.

Loretan, M., Phillips, P.C.B. (1994), “Testing the covariance stationarity of heavy-tailed
time series,” Journal of Empirical Finance 1, 211-248.

Nelson, D.B. (1990), “Stationarity and persistence in the GARCH (1, 1) model,” Econometric
theory 6, 318-334.

Noriega, A. E., Capistran, C., Ramos-Francia, M. (2013), “On the dynamics of inflation
persistence around the world,” Empirical Economics 44, 1243-1265.

Orphanides, A., Williams, J. (2004), “Imperfect knowledge, inflation expectations, and mon-
etary policy” The inflation-targeting debate (pp. 201-246). University of Chicago Press.

Park, J.Y. (2002), “Nonstationary nonlinear heteroskedasticity,” Journal of Econometrics
110, 383-415.

Pitarakis, J. Y. (2004), “Least squares estimation and tests of breaks in mean and variance
under misspecification,” FEconometrics Journal 7, 32-54.

Perron, P., Yabu, T. (2009), “Estimating deterministic trends with an integrated or station-
ary noise component,” Journal of Econometrics 151, 56-69.

Perron, P., Zhou, J. (2008), “Testing jointly for structural changes in the error variance
and coefficients of a linear regression model,” Unpublished Manuscript, Department of Eco-
nomics, Boston University.

Phillips, P. C., Perron, P. (1988), “Testing for a unit root in time series regression,” Bio-
metrika 75, 335-346.

Phillips, P.C.B., Xu, K.L. (2006), “Inference in autoregression under heteroskedasticity,”
Journal of Time Series Analysis 27, 289-308.

Primiceri, G. E. (2005), “Time varying structural vector autoregressions and monetary pol-
icy,” The Review of Economic Studies 72, 821-852.

35



Qu, Z., Perron, P. (2007), “Estimating and testing structural changes in multivariate regres-
sions,” Fconometrica 75, 459-502.

Sensier, M., van Dijk, D. (2004), “Testing for volatility changes in US macroeconomic time
series,” Review of Economics and Statistics 86, 833-839.

Sims, C. A. (2001), “Evolving Post-World War IT US Inflation Dynamics: Comment,” NBER
Macroeconomics Annual 16, 373-379.

Stock, J. H. (2001), “Discussion of Cogley and Sargent, Evolving Post-World War IT Inflation
Dynamics’,” NBER Macroeconomics Annual 16, 379-386.

Xu, K.L. (2008), “Bootstrapping autoregression under non-stationary volatility,” Economet-
rics Journal 11, 1-26.

Xu, K.L. (2015), “Testing for structural change under non-stationary variances,” Economet-
rics Journal 18, 274-305.

Xu, K.L., Phillips, P.C.B. (2008), “Adaptive estimation of autoregressive models with time-
varying variances,” Journal of Econometrics 142, 265-280.

Zhou, J., Perron, P. (2008), “Testing for breaks in coefficients and error variance: Simulations
and applications,” Unpublished Manuscript, Department of Economics, Boston University.

36



row

L0060 0T II° 60 600 9" €0 FO° €0 SO° FO° SO° SO°  FO°  FO°  GO° PO SO SO 90 “H
90° G0° 80" I’ €00 SO0 ST' ¢o €0 €0 ¥OT O o SO0 VO S0 SO0 SO° SO° SO0 900 fH

80" .00 0T O0I' 600 OT" ST° %0 ¥O° FO° G0 ¥O° 90" SGO° 90" SO L0° WO L0° GO° 90 [tH

90° g’ 90" 00 90" L0° 90" €0° 60" SO° 90" ¥O CO° FOT 8¢ 89 IO 6% F9 V9 e Y

0" L0 90" 90" 90" L0° SO° €0° 90" GO° SO VOO GO° WO O 9% 8¢ G¢ 7o ge e

¢ 0" ¥O° L0° €00 00 SO° ¥O° 80" FO° 90" €0 <00 FOO L¥ o1& 9¢  9¢ L& €9 € Wy  (50'0)

90°  ¥O° 200 60" 90" 80" OT° 90" ¥O° L0° 80" 90" 90° 80 €0° ¥O° SO° SO° SO0 <00 <0 NH

90°  ¥0° 90" OI" €00 90" IT" €0° S0 SO° 60" VO ¥O© 600 GO° GO SO° 90" SO° 90" <0 fH

L0060 80" 60" L0° 80" OT" L0°  SO° L0080 L0 90" 00 90" PO SO° PO SO FOT SO lfH

€0 ¥ <00 SO0 €00 GO0 FO© €00 Tl SO° 90" GO° €0° FOT 6% 89 8% 9¢ €9 €9 09 Ty

€0 L0 <0 ¥O° €00 ¥O° €00 ¢o° 90" SO0  ¥O° S0° €00 €0 ¥ Sy L% ¥e 19 ve 1 |

€0 0" € S0 €0 <00 FO° €00 60 €00 90" €0 <00 €0 9 0¢ g¢¢  ¢¢ 9¢ g9 o ¥ (0'¢0)

90"  F0° S0° 80" ¥O° 90" 80" FO° ¥O°  ¥O° GO SO° GO° 90" <€O° SO0 SO0 PO €0° WO WO NH

0 YO FO°  L00 €00 FO° 80"  ¥O© €0 FOT  G0° €00 €00 L00 S0° SO SO° SO 90" SO0 <0 fH

90°  G0° 0" 00 €0° 90" 80" 90" FO° GO° 90" GO° €O0° L0° SO°  SO° PO FO° 90" GO° VO iH

0 €I €00 90" €00 90" S€0°  FO° I SO° 90" S€O° 90" PO 9% L9 09 L& €9 79 1§ Y

0 00 G600 S0 S0° 90" ¥O°  ¥O° 90" €0° SO SO° SO0 VOO LV 9% 69 FE 19 ¢& o b

YO0 01" F0° 90" ¥O° 90° ¥O° ¥O° 60" ¥O° 90" ¥O° 90" ¥O° 9y 6% G&  FS 9¢ 79 v Y (0'0)  oo¥
€0 T FO°  S0° €00 €00 600 O TOT O go To 100 €00 C0° SO FOT 90" OO 900 900 NH

€0 ¢o° € S0 g0 ¢o 900 100 g0 100 g0 100 100 100 ¥O° 90" GO° 90" ¥O° SO0 90 fH

0 ¥0O°  <0°  S0° 90" ¥O° OT° g0 ¢0° €0 T0T €0 20 0T 90" SO°  FOT 90" SO° 90" 80 4

90"  ¥I' S0° L0° 900 80" L0° ¥O° O €0 ¥OT €0 €00 €0 T9 S99 ¥9 79 L9 8¢ Y

0" 60" SO0°  S0° 90" SO0 SO°  ¥OT 90" €00 €0 €0 €00 VOO SV 8y 8¢ L& 19 L& W

90" 0" 90" 00 90" 80" 90" FO° 80" FO° FO FO €00 €00 0% 0% L& 19 OF €9 L Y (S00)

¥OO  F0O° FO° 90" FO° ¥O© 600 €0 €0 ¥O©  FO° TOT ¥OT L00 90" 90" L00 90" L0° L0° L0 NH

€0 ¥0° <00 L0° ¥O© 0T L00 €00 €0 €00 ¥O° €0° 200 ¥O° 90" 90" L0° SO° L0° L0080 fH

¥0OO F0O° 900 90" S0° S0° OI' ¥O°  FO° €00 SO° ¥O° FO° 80" 90" SGO° GO° 90" SO 90" 90" iH

0" 0z 90" L0° L00 600 SO° €0° ST FO° 90" SO° 80" GO0 8¢ G9 6% 19 79 C9 <¢¢ Ty

OO 01" 900  FO° L0° S0° FO© €0 60" FO° €0 SO° VOO €00 S 9y 8¢ €e 09 ve o}

¢ ¥  FO° 90" 900 80 SO0 ¥O T’ FO°  GO° GO° 80" FO° 6V 6v  9¢ 09 L& ¥9 ¥ Y (0°60)

€0 ¥0O°  FO° 90" €00 <G00 80" €00 €0 €0 VO O €00 S€0° S0° SO GO0° 90" SO0° <00 900 NH

YO0 €0° FO° 90" €0° €00 L00 T0°T €0 €0 SO° T0° TOT ¥O 90" SO° 90" 90" 90" SO 90" fH

€0 ¥O°  S0°  L00 FO© 900 80" €00 €0 FO°  ¥O VO €00 GO° 90" 90" €00 90" ¥O° 90" 90 [H

90°  8T" 90" 80" 00 60" L0° €0° ¥ FO°  GO° GO° L00 GO° 69 ¥9 190 190 79 99 <¢¢ Ty

OO 01" GO0  FO° 00 G0° €00 FO°T 60" FO°  FOT SO° V0T €00 S 8 8¢ 9¢ 09 L& e

90 €I" S0 80" 90° 60° 90° €0° OI°" FO° SO VO LO° GO0° SF 6% 9¢ 8¢ 8¢ ¥9 ¢y (0°0)  00%
01 0 ¢ ¢1 ¢ €1 1 01 0 ¢ ¢1 ¢ €1 1 01 0 ¢ ¢/t ¢ ¢t 1 9/
2 (¢ PPOIN @ T PPOIN 9 T [PPOIN 2 ‘€ PPOIN ¢ G [PPOIN @ T [PPOIN 2 ‘€ PPOIN ¢ ¢ PPOIN ¢ T [9POIN

L0="m go="n I1=0 1S9L (0°9) L

[oz1s [euTION %G ‘() = W] ‘83803 deI13sy00q Jo ozis Teorndwy T O[qR],

37



row

g6 Te 0T 0T L% 0T 0T 06 6 0T 0T 01 22 01 “H
¥ ¥ 8 0T ¥& ¢ 0T &8 T 01 660 160 LI 0T EH
66 9¢° 0T OT € 0T 0T € ¥ 01 0T OT SF 01 IH
100 0 T0C 000 ¢ 000 000 100 €U 000 100 000 T 00 MY
100 0" 100 000 g 000 000 000 000 00" 00 000 000 000 !
000 00" 000 00" 00" 000 00 100 € 000 T0° 000 2O 00 Ty ¢
L0—=0T0=W60="0 Lo=060="%go= "o
¥ 62 ¢ 660 110 060 OT ¥8 8 96 0T 0z 0T 01 “NH
W € ¥ 16 SO0 6% €% L9 6¢ L9 660 900 8L 01 fH
8L OV 8L 660 1& € 01 6 9 66 0T € 0T 01 JiH
o SV 6¢  1Z 89 800 L& €% ¢S 89 L& 8L 0T 19 Y
W ¥ 9¢  ¥T 69 0T 6&  FS  €s 69 IF 6L ¥ FS L
G0 IT" T0° 00 €0 €0 €0 €00 I 0T 90" €00 €0 FO Y z
¢ T 86 9% L8 €00 660 S Tv 0T € 0T 90 01 “NH
8¢ ST .90 € S VOO 69 L% 7€ 96 8L 69 S0 66 CH
9 1& 660 €¢ ¢ <00 OT ¥&  I¢ 0T S 0T L0 01 IH
W 8F € ¥ 80 99 6¢ S¢S VS 6¢ L9 0T 9L 0% Ty
90" TI° 90" g0 TOT €0° €00 90" OT° 900 TO TO €0 €0}
VoL ST ¢S 10 89 I L% FS ¢F 89 ¥T L. Te Y I 00F
Lo="0 cp=mn
69° 8¢ €8 ¢6 LI TL OT 19 ¥ S6 L9 0L €0 660 NH
9 8T 6% I8 900 T¢ € IF ST 1L 09 € VO 88 fH
L ¢ 68 S €e 8L 0T TL I€ 96 69 9L 900 0T lm
000 II° 2 000 € 000 000 100 € 000 g0 000 SO 00 VY
000 TII° g 000 €0 000 000 00° 00° 000 00° 00" 00" 00 %
000 TOC 000  00° 000 000 00 O €I 000 €0 000 SO 000 Ty ¢
L0—=070=W60="0 Lo=p060="2go= "o
6z €I LT L% L00 C¢ WL 8¢ FT €5 €6 0T 69 86 NH
91" 60 OT" 9¢ G0° ST" 0¢ 1¢ 9T € T 900 ¢¢ 1L fH
g 8T 6¢  ¢9 1¢ IF 6¢8  IL ge 9L ¥6 0¢ AL 01 IH
ve g¢e 68 600 TS o 6T ve oy ¢s ST 190 900 ¢ Y
¢z ¢e W or € ¢o T <c¢ I € 1T Ty 80 9¢ !
OO 01" 20" L0 ¥O© €00 €00 S0° 60 20T L0 €00 €0 VO Y z
e 80" 8% S0° 0¢ FOO € 8¢ 617 68 €T L9 ¢0 16 NH
80° 90" 8T° L0 ¢I' <0 9T & Ol ¢F <S¢ 1 S0 Lo fH
g 0" €9 90" 9% FO° 190 €% 9% S 8¢ VS FO L6 IH
Ve L& 600 68 €00 09 0T 9¢ €y 8T° 0% S0° €9 ¢ Y
OO 60" 200 TOT €0 ¥O© FO©  SO° 60" L00 TOT €0 VO €0}
9z g¢ 600 OF €0 ¢¢ TT 8¢ € 0T T& L0 g9 e¢ Ty I 002
Lo="0 co=m
01 0 e e1 ¢ ¢1 1 01 0 ¢ ¢/t ¢ ¢1 1 2/
2 (¢ PPOIN 9 :Z PPOIN 9 T [PPOIN 2 € PPOIN @ G [PPOIN ¢ :T [PPOIN 391,  dDAd L

[%S ‘c0= NO=9g=dT= wy ‘sys99 derysyooq jo 1emod pajsnlpe-ozig g 9[qR],

38



row

18 S¢ 660 0T 86 86 OT L F9 0T 0T 0T 66 OT “H
€6 190 0T 0T 86 OT OT ¢, € 66 0T 88 68 01 &H
09 9 16 €. 96 88 6L ¥ 0L 0T 0T OT 660 0T iH
000 .00 000 00" 00" 00 00 00 90" 00° 00 00" 00 00 XY
000 €0 000 00" 00° 00° 000 I0° € 000 00° 00" 00" 00 %
000 ¥0° 000 00" 00" 000 000 00° FO° 000 00" 00" 000 00 Ty 9
L0—=070=W60="0 Lo=p060="2g0=To
e TE S 98 89 TL AL 19SS 660 86T L6096 66 UNH
LT TT ve 8¢ P €T 0L T§& WP T8 96 6 IS¢ 86 fH
I IF S 68 ¢6 ¥ 160 L 99 0T 660 0T 86 66 IH
05 F9°  €¢  9¢ 69 ¥9 8F €9 FE 89 L& 8L 0T 19 Y
IS 08 ¢ OoF T ¥ 6V  ¥9 €5 69 OoF 6L ¢ €5 ! G
L& T 68 L8 TL TIL 86T 6’8 SF 660 0T L6 660 01 UNH
69° €& ¥6  S6 €L 6L 660 160 9¢ 0T 0T 96 66 0T fH
g v 9y T SF 61 ¥ 9% ¢ ¥S 8¢ 69 LT 9% IH
g SV T v 800 <00 100 ¥O°  ¥& <00 €00 600 SO0 TO Y
90" 0" 90" g0 80" 000 100 €0 TI" €0° 000 60" 00 100 %
¢ 9y 9z S¢ 000 €00 100 TOT €T 000 FO° 000 SO0 100 Ty v 00p
Lo="o ¢co=m
IS 1g° 6. 89 0L 9% 160 L& €T FS WL 8L oL 18 UYH
V9 LT €8 S8 79 €9 G6 8¢ 0T 8¢ 9L 9z O ¢%  fm
Lz 0T vy ¥ 69 8¢ 0% FF 6T 060 GL 88 FL Lk lm
000 80" 000 00" 000 000 000 00" L0 000 00" 00" 000 00 @YY
000 €0 000 00" 00° 00° 000 100 FO° 00 00° 00" 100 00 %
000 S0° 000 00" 00° 00 00 00 SO° 00 00° 00 00 00 My 9
L0—=070=W60="0 Lo=060="2go= "o
¢ 11T ST S LU0 8¢ € 1& € 89 89 7§ 69 ¢9  NH
I 200 80 8T FO° 900 9T° 9z ST 9%z ¥S O LT 09 iH
g S Sy oF 8¢ ¢¢ ¥ IF 8¢ L8 ¢L T8 9 eL IH
9¢ 0% L& 1P SP 0% 0¢  LF 8% LV I 99 6% I Y
¢ 9¢ ¢y gT 19 ¥ 1e L ¥ oe¢  ¢e 19 9¢ ¢ !
¢e 6g 61 LV 1T ¥S 0 8F L €e 8¢ 9¢ 79 PP Y G
I 60 OV ¢& ¥ ¢r €9 I1¢ 1T Ll €L 8¢ IS¢ ¥6 UYNH
¢g I ¥ o ST & 89 L& 9z €8 68 19 T9 6 fH
g 80" 6 L00 ¢T €0 ST 0z €U ¥ 9U ¥ I 9¢ IH
0O 0 FO°  S0° L0° 900 100 ¥O° I FO° SO SO° 90" 100 Y
zo I FO° 000 00 000 100 €00 I FO° 000 SO° 000 100 OV
€0 TI° 000 90" TI0° 900 ¢ €0 Tl 100 90" T0° 90" €00 Ty v 002
Lo="0 ¢co="n
0T 0 e e1 ¢ ¢1 1 01 0 ¢ ¢/t ¢ ¢1 1 2/
2 (¢ PPOIN 9 (Z PPOIN 9 T [PPOIN 2 € PPOIN @ :Z [PPOIN ¢ T [PPOIN 39,  dDA L

(%G ‘80 =3\ ‘0= {Y ‘0=9=0J ‘T=w] ‘53803 de1ysjooq jo zomod pojsulpe-ozi§ :¢ d[qe],

39



row

€6 ¢ 0T 0T S 0T OT 2 ¢ 0TI 0T 0T 08 0T “H
18 8% 86 0T 9 96 0T S 9% 0T 66 96 9T 0T fH
L6009 0T 0T e 0T 0T ¥ ¢ 0T 01 01 v 01 Im ¢
LO0—=0T0=w60="0 Lo=060="2g0=To

€9 62 ¥ 66 0" 68 OT 98 0% 96 0T 0z 0T 01 “H

0 ¢¢ T¢ 88 S0 VS @8 89 68 €9 66" 90" LL 66 CH

8L 6¢  ¥L 660 ST 6 OT € 8¢ 66 0T S 0T 0T IH z

o Te 96 € €8 €00 86 9L I 0T 16 0T ¥O0 o1 UYH

82 FI° 09 g& TF €0 89 6% 0&  G6  LL T, €0 66 fH

19 1¢ 86 I¢ 16 900 0T 68 0 01 %6 O1 L0 01 IH T
L0o="m co="n

0 SO0 FO° €00 OO FOT €00 €00 SO° 2¢O ¥O° To° 20 o PMIH

YOO €00 0T FOT €00 €00 900 €0 FO° 20T T0T €0 €0 ¢o  fH

90" G0 GO0  S0° ¥O© C0° GO0 S0°  SO° FOO  FOT SO° VOO €0 IH 0  00F
Go0=n [=0

€L 9¢ 6’8 660 LT S8 0T F9 08 L6 69 LL O 660 UNH

I ¢ 6% 68 900 S €6 € 600 €L v9 e S0 L8 SH

T8 T 160 660 €& 88 0T L Ve L6 VL T8 80 66 IH ¢

L0—=0c0=60= " Lo=060=7%go= "o

9z ¢’ 9T €% 90" T 69 LS € 0% 060 OT €9 L6 H

gr 80" 60" 0¢ OO ¥UT 9% 6T ¥I' T S9 €00 6 99  SH

6¢° 91" 8¢ L& 9" OF 6L 69 0& 0L T6 9% VL 66 IH z

I L0 ¢ S0 T O TV L& LT FS 1T 6% O 6% UUH

00 S0 ¥ 90" 00 ¥O° ST T I 8¢ G ST FO €¢  fm

0z 80  ¥S 900 9¢ FO° L& IS ST 6 9T ¥L S0 S6 IH T
Lo="o co="mn

€0 €0 o ¥OO ToT To0T OO FOT SO0 To0T SO0 2o ¥vOO To NH

€0 €00 0 FO° 100 TO €00 €0 SO0 0 To €0 To To tH

€0 €00 €0 FO ¥OT €00 FO© 900 90" €00 SO FO° GO0 €00 IH 0 002
¢o="mn =0

01 0 ¢ e1 ¢ ¢1 1 01 0 ¢ ¢1 ¢ ¢1 1 2/

2 (¢ PPOIN 9 (G PPOIN 9 T [PPOIN 2 € PPOIN @ G [PPOIN ¢ :T [PPOIN 391,  dDAd L

(%G ‘G'0 = §Y ‘0 = g = d] ‘s3803 oasmoor deaysjooq jo zomod pojsulpe-ozis pue ozI§ :f O[qe],

40



Table 5: Break selection probabilities, [p =6 = 0, n = .10]

T m DGP af(ar,as) Model 1: § Model 2: § Model 3: ¢
d/c 1 1/3 3 1/3 3 0 10
0 0 1 P. 91 91 91 .92 90 .90 91
P, 09 .09 .09 .08 100 .10 .10
0.5 P, 86 91 90 .88 89 91 .90
P, 14 09 .10 .12 A1 .10 .10
Ay =05
1 1 0.5 P, 90 07 91 82 .89 .39 .68
P, 10 .04 .09 .14 A1 .15 .14
2 0.5 P, 8 87 21 88 79 4Ar 73
P, 12 12 12 12 20 14 15
3 (02,09 P 89 42 87 8 89 46 .80
400 P, 11 .08 .13 .12 A1 13 13
(0.9, 0.2) P, 88 82 .62 .88 .85 48 .81
P, 12 18 .14 12 150 13 12
A0 =0.3,70 = 0.8
2 4 0.5 P, 8 .70 46 .85 .70 .27 .59
P, 10 17 .16 .11 130 11 .14
5 0.5 P, 8 07 .08 .39 .28 .18 .36
P, 15 .08 .06 .12 18 .09 .10
6 (0.2, 0.9) P, 89 08 .11 .84 7324 5T
P, 12 .07 .09 .12 16 .09 A1
(0.9, 0.2) P, 90 .72 .62 .89 .84 .32 .75
P, 09 .23 .20 .10 A2 12 A1
0 0 1 P, 89 8 89 89 .89 .88 .89
P, 11 12 11 .11 A1 12 A1
0.5 P, 8 89 88 88 .8 91 .89
P, 13 11 .12 12 12 .09 A1
A0 =0.5
1 1 0.5 P, 8 .11 .89 .87 .89 .49 .80
P, 12 05 .11 .13 A1 17 11
2 0.5 P, 8 8 37 8 .86 .51 .79
P, 11 12 21 11 A4 17 15
3 (0.2, 0.9) P, 8 71 84 .8 .85 .56 .86
600 P, 15 17 17 .15 A5 12 A1
(09,02) P 8 8 .75 86 .82 .55 .8
P, 17 18 22 .14 A8 14 12
Ay =03, =08
2 4 0.5 P, 8 .76 64 86 .78 .34 .69
P, 11 .20 .15 .12 A2 14 .16
5 0.5 P, 87 .05 .08 .76 b3 2t bl
P, 13 .07 .08 .13 22 .10 13
6 (02,09 P 8 .33 30 .8 84 33 .69
P, 14 12 13 .15 16 .11 13
(0.9, 0.2) P, 90 83 .78 91 .89 .38 .81
P, .10 .17 .18 .09 11 .14 13
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Notes to Tables

1.

Table 1 reports the empirical size of bootstrap tests with nominal size 5%. The
tests Ky, K7, Ky are the tests recommended by Cavaliere and Taylor (2008, CT) and
HY H; H _ are our proposed tests.

maxr

Table 2 reports the size-adjusted power of 5% bootstrap tests in the single break case
with breakpoint A} = .5 and serially uncorrelated errors (p = 6 = 0).

Table 3 reports the size-adjusted power of 5% bootstrap tests in the two breaks case
with breakpoint vector (AJ, A}) = (.3,.8) and serially uncorrelated errors (p = 6 = 0).

Table 4 reports size and size-adjusted power of 5% bootstrap recursive tests in the
single break case with breakpoint A} = .5 and serially uncorrelated errors (p = 6 = 0).

. Table 5 reports the probabilities of selecting the true number of breaks from the se-

quential procedure with serially uncorrelated errors (p = 6 = 0) and level n = .10.

Table 6 reports the empirical results based on monthly OECD inflation rates data over
1960:1-2008:6. Column (1) reports the country name; column (2) reports the estimate
m obtained from applying the sequential algorithm in Section 5.4 with n = .10 and
A = 5; column (3) reports the estimated break dates obtained by minimizing the
unrestricted sum of squared residuals with 7 breaks; column (4) reports the outcome
of the test for the null hypothesis of pure mean shifts; column (5) reports the OLS
estimate of the largest sum of AR coefficients across the estimated regimes; column (6)
reports Andrews and Guggenberger’s (2014) 90% confidence band for the largest sum
of AR coefficients; column (7) reports the model selected by the sequential algorithm;
column (8) reports the model selected by the CT procedure; column (9) reports the
p-value of the wild bootstrap ADF test of Cavaliere and Taylor (2009).
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Appendix A: Proofs

1/2
For a (d x 1) vector v, ||v|| = (Ele Uf) denotes the standard Euclidean norm while
for a random variable v, |v[|, = (E(|v|*)"/? denotes the Ly(¢ > 1) norm. For a matrix
B, ||B]| denotes the Frobenius norm, i.e., ||B|| = /tr(B’'B) and Mp = [ — Pg, Pp =

B(B'B)™'B’. Let P* denote the bootstrap probability measure and E* the expectation with
respect to P*. Define the following quantities: (i) V(r) = diag(g*(r)1,, g(r)); (ii) Dy =
diag(a;*T—Y, ap ' T~?); (iii) Fori=1,...k+1, Z; = (21,_,41, ., 21;) Where z = (y;_1,1)’
fort =T,1+1,....7;,, Z = (21,....,20), Yo1 = (Yo, - Yr—1)s tarxny = (1,..,1); (iv) Z =
(T —Ti) g pzand 5y = (T = Ti) P50 oz, 2=T713 0z, 20 =
T3 2

We first state two lemmas that will be useful in developing the proofs of the results.

Lemma A.1 [Xu, 2008] Suppose {y.} is generated by the AR(p) model
p
ye=p+ > 0i(y—j— 1) +e
j=1

where all roots of O(L) = 1—37"_, 0,17 are outside the unit circle and {e;} satisfies Assump-
tions AS-A5. Let Yy j = Yoj — ly Ypt = Yt—1, - Ye—p) and v, = (y_,;,1)". Also, define
the [(p+1) x (p+1)] matriz Yr = diag(TY?, ..., TV? T ?a;'). Then

(@) ypr = D52, b?et_j with b; = (Y;_4,...,¢;,) if j > 1, ¥, = 0 4f j < 0, where
O(L)" =320l o =1, 37207 |1y < oo

Q[g* Opx)

(b) a;? Y, (Zthl a:msé) Y1 5 Q where Q =
O(ixp) 1

and Q =377, b;b).

(c) ap® Y S wer % [VdBy.1, where By = (B, B1)" with B, is a p-vector Brownian
motion with covariance matriz 2 and By is a standard Brownian motion independent of B,,.
Lemma A.2 Suppose {y;} is generated by the AR(p) model with o = 1:

p—1

Yt = QlYp—1 + + Zﬂ'jAyt—j + e
j=1

where {;} satisfies Assumption A2 and {e,} satisfies Assumptions A3-A5. Lete = (eq,...,er)’,
v = Ay, wy = (Ayt—la oo Aytprrl)/a W = (wb "'7wT)/7 Wj = (wTj_1+1, ---’wTj)'[j =
L,...k+1] and Il = (mq, ..., mp—1)". Then

(a) ap' T2 e, & [T gdBy = §(1)Bya(r).
(b) ap' T2 32wy 5 d(1) [y gdBy = d(1)§(1) By (r), if d(1) # 0, where v, = 3.7 dje,—; with

A-1



Z;’ioj\d‘] < 00.

(©) a %Q;MﬁtGM(MW%M—Wﬂ
(d) [[(az’T*W'W)|| =0

(€) | DrZsWail = O <>

(f) laz*T=/2We|| = O,(1).

-1

(9) || [az* T W — ﬂﬂﬁﬂ'a%@mﬁwﬂ

|-

Proof of Lemma A.2: (a) The result follows from Lemma 1 in Cavaliere and Taylor (2009).

(b) By Assumption A2, Ay, = v, = > 77 dje;—; with > 22 j |d;| < co. Then, with the
additional restriction d(1) # 0, the sequence {v;} satisfies Assumption 1’ in Cavaliere and
Taylor (2009) and hence by their Theorem 3, a,,' T/ [TT] vy = d(1) [] gdBy.

(c) Note that from the Beveridge-Nelson decomposition, we have 71 Zl[f Tl]yt 16 =

d(1)T- Z[TT]{Z 1€jter + 0p(1). Next, using the fact that

] -2 ]\ 2 (Tr]
T Z{Z e;ter = (1/2) T_l/QZet —T_lg:et2 + 0,(1)
=1 j=1 =1 =1
the result follows from (a) since a7 271 Y2172 & Jy 9(s)? = g(r)2.

(d) The entries in the matrix a;>T~*W'W are of the form

T
T_l ZAyt—jAyt—j’7 jaj/ S {17 e D 1}

t=1

When o =1, {Ayt} is an AR(p — 1) process with all roots outside the unit circle. Then by
Lemma A. 1( ), TV Ay jAy,_; = O,(1) and the result follows.

(e) We have a7 T~2yir,) = O,(1) uniformly in r € [0, 1]. Hence, for a fixed j € {1,...,p
S Ty, P Iy
1}7 aTlT 12 Ztiqu-&—l Ayt—j = aTlT 1/2yT2i_j - aTlT 1/2yT2i71+1_j = Op(l) - Op(l) =
O,(1). Further, a;>T~* Zgﬂiilﬂ Y1 Ay = tTiinFlH(a}lT_l/Qyt_l) (' T7YV2 Ay, ;)
O,(1). Hence, all entries in the matrix DrZj, W5 are O,(1) and the result follows.

(f) The result follows by applying Lemma A.1(c) to the sequence {Ay;}.

(g) First, observe that a T 'W'W = O,(1) by Lemma A.1(b). Next, a;°T~ 1Zk/2
(W3 Z2iDr) (a3 Dy 23, 25 Dr) 1 [Dr Z5Wai) = T2 3210 05(1).0,(1).0,(1) = O,(T~1) =

A-2



0p(1) by (e) and Lemma A.1(b). A

Proof of Theorem 1: We prove the result for Model la and k even. The proofs for
the other tests are very similar and omitted for brevity. Let E’Z* and E* be the vector of
residuals in the ¢-th regime under Hél) and H él,z, respectively, for ¢ = 1, ...,k + 1. Denote
Foi = (Go; — 1,¢9;), i = 1,...,k/2, where do; and ¢éy; are the OLS estimates obtained from

regime 2¢. Then we have

Er = AY; — Wi, fori=1,...k+1
By = AYy — Woll — Zoiiy,  fori=1,..k/2 (A1)
By = AYaipy — Wi 1L, fori=0,...,k/2

where IT—II = (W'W) ™" W’e under Hél). Further, IT and 4,; satisfy the first order conditions

ZhEy =0, fori=1,....k/2 (A.2)
k/2 R k/2 R
Woi 5y + > Wai By = 0 (A.3)
=1 =0

Under H{", from (A.3), we have Il — IT = (W'W)~L(W'e — Zfﬁ W3 Z2%4;). Next, from
(A.2),
072Dy = (03 DrZ ZiDr) ™" | Dy Zg,War(11 = 1) + Dy Z3, By (A4)

for i =1,...,k/2, where Ey; = (e, 41, ..., €n,)’. Solving for (II — II) we get
X k/2 k/2
I =T = [W'W — 3 W3 25i(Z3; Z0i) ™ ZoWei } )7 (W'e = 32 AW3, Z0i(Z3;Z2:) ™ Z3; i }
i=1 i=1
(A.5)

so that using Lemma A.2,

X

N k/2
-1y < H[W’W — S AW, Zoi( 2 Zi) T 23 Wi }]
=1

/2
[We|| + ; {[IW3;Z2: Do || || (D1 Z3; Z9i D)~ || | D Zs; Ei| }

k/2
[0y (az”T N[Oy (a7T"?) + ; 0,(1).0,(a7).0,(1)] = O,(T~V/?)

Also,

(D1 Zy; Zo; Dp) ' Dy Zy Woi(IL = I)|| < ||(DyZy; Zo; D) ||| D Z; W] ||| (I — D) |
= Op(a%»Op(l)Op(Til/Q) = Op(“%“Til/Q) (A~6)
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Using (A.6) in (A.4), we have
2DT ’722 (CLT DTZé ZQZDT) IDTZQzEQz + Op(l) (A?)

Next, IT — IT = —(W'W) 1 S°¥2 fW3, ZyA5;} s0 that

N /2
=11 < H(W'W)’ngllWéZleT\l [F2ret|

k/2

= Opap"T™). ; 0p(1)-0p(a7) = O,(T7) (A.8)

We can write, from (A.1), for i = 1,...,k/2, E3 = B3+ Zoifg; + Wai(I1 — 1I) and for
i=0,..,k/2, E5. =E5 ,+ W%H(H IT). Thus the numerator of the F statistic can be
written as

k/2 k/2
SSRY -SSR, = YAESES — BB} + oAEs 0 Py = BilaBia) (A.9)
k/2 L k2
= ;(inl%i)/(DTZéiZ%DT)DEI’AV% + (H - H)I ;(WzliZ%DT)(D;%i)
where
k/2 L R o k/2 L
[ — A p— A
||(IT — T1) Zl(WQiZQiDT)(DT o)l < [T =TI ; |(Wa; Zoi Dr)|| [ (D7 42) |

k/2

= O)(T™). X 0p(1). Opla) = Oyl T ™)

Then, using (A.7) in (A.9), we have

k/2
72(SSR{Y — SSRY),) = ; { B} 25 Dy (a2 Dy Z; Zo; Dy) ™ Dy Zb; Eos ¥ + 0,(1)
k/2 {‘15271_1 ZZZTQZ 1+1(yt 1 — Toi—1)e}’ A
= Y ) (A.10)
=1 ap 232 Tos 1+1(yt 1 — Y2i—1)
T

Ty;
I S a*1T71/2 e, 12
To; _T2i—1{ 4 t=T§;1+1 t} ]

Using Lemma A.2(a),(c) in (A.10), we have

{8 0a0} (B2 i) }—§<1>*2{§<A2@->2—§<Azi71>2}}2

_ w o 1 R2 .
72(SSRYY —SSR&{k) , g(l)QE ; R [ 0] ar

i (Bea(Aai) — Byi(Aaio1)}?

A4



Finally, noting that 715 SRSL)J@ 2 01 g* = g(1)?, the result follows. A

Proof of Theorem 2: We can write

k+1
SSRY — SSRY) = D*(1,k +1 ZDU i)

where DY (i,j) [DY(i,j), resp.] is the sum of squared residuals from the unrestricted [re-
stricted, resp.) using data from segments ¢ to j (inclusively). Let Y{_1)1;, Z1:, Wi, and
E, ; denote the vectors or matrices containing elements of Y_;, Z, W, and e, respectively, be-
longing to the partition from segment 1 to segment i (inclusively), for i = 1, ..., k+1. Further,
define 87, = Z{,iElai’ Hz = Zi,iZLi? KZ = Zi,iWLi’ Lz = Wllﬂ‘Wl,iy and Mj = Wll,iElyi for
i=1,...k+1. Finally, let Az = (W'M,W)"'W'Mze and Ay = (W' MzW )W’ M e where
7 =diag(Zy, ..., Zy+1). Then, from equations (39) and (41) [pg. 73-74] in Bai and Perron
(1998),

k
SSRY — SSR) =" Fr,+ D"(1,1) — DV(1,1)
i=1
where

Fri = [=SiH }Siv+ SiH; 'S 4 (Sipa — Si)[Hivr — Hi) 7 (Sig1 — Si)]
+ (28] Hi\ Kin Ay — 28[H K Ap — 2(Siqa — 83) [Hipy — Hi| H(Kin — K;) Ag]
+ [2(Miyy — My)' (Ar — Ag) + (Ap — Ap)'(Liza — Li)(Ar — Ar)]

= T1+T2+1T3 (A.11)
We now analyze each of the terms 7'1-7'3 in (A.11).
T1:
Tl = SZI+1HI+151+1 + SI 1S + (Sprl - i Z+1 - N l+1 - S)

2

i+1 Tita Tita
= —)\;rll { 1/2Z€t} { Zyt 1} { I/QZyt 1€t}

T, 2 T, 2
o {Tmzet} +{le~zl} { SO }
t=1 t=1

Tiy1 Tiv1 Tita
+(Nig1 — A) {T1/2 Z } +{T ! Z Y 1} { /2 Z Ui 1&5}
t

t=T;+1

.

+0p(a2T>
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using Lemma A.1(b) where y;_; = y_; — p. Then, from Lemma A.1, we have
a;’T1
W ~\2 —1 2 —1 92 -1 2
= 9(1)* [= A Bga(Nir) + A7 By 1 (A) + (Air = X)) 7 [Bya(Nigr) — By ()]
—{P (i)} BRa(in) + {7 (M)} B2y (M) +
{P (A1) = PO} [Bga(hisa) = Boa(W)P

{AiBy1(Air1) — Miv1Byai(A)}Y | {G(AN)?Bya(Nii1) — G(Ni1)?Bya(X:)
Aidir1(Aip1 — i) g(\i)? ( i11)? {9 Nit1)? — ( i)?}

+9(1)?

}2

(1)
T2:

T2 = 2T Y28, ) (T Hypy) ' T K TV?Ap — 2(T7 V28 (T H) ' T K, TV A
2T 2(Sipa = ST (Hipa — Hy)) 7' T (Kiy — KG)TY?Ap

Define Qp,1 = (Qll — 9127912 — 913, ...,Ql(pfl) — le)/, where QZ] is the (Z,j) element of
(2 defined in Lemma A.1. Then, using Lemma A.1(a)-(c), we have

az (TS (T Hir) ' T Ky (1/911)1/2Bg,2()\i+1)§;71
ap?(T728,) (T Hy) VTV G 5 (1/900) 2B o (A9,
ar* [TV (Sipr = SV [T~ (Hiy — H)] 7' T (Kin — Ki) = (1/901)"?[Bya(Aig1) — Bya(A)]
Using Lemma A.1, it can further be shown that
T='W'P,W 5 Q' QP (1), T'W'PW 5 Q3,19 1 77(1)
TY2W' Pye 2 (1/Q01)Y?Qp_1Bya(1), T7Y?W'Pze 2 (1/Q11)"?Q,_1By2(1)

so that Ar — Ay 2 0. Hence, a}2T2 = 0,(1).
T3:

a7’T3 = a7’[2(Mip1 — M) (Ar — Ar) + (Ar — A7) (Lis1 — Li)(Ar — Ar)] 5 0
since Ay — Ap 2 0. From (A.11), we then get

2 | AiBoa(Mien) = A BaA)F | {G(0)*Bya(Aisr) — 9(Xi1)*Bya(M)}
)‘z)‘erl()‘Hl_/\l) g( Z) ( 1+1) {g( z+1) ( )2}

The result follows by noting that [T" — 2(k + 1)}*1a;QSSR§?,1 2 5(1)%.a

Proof of Theorem 3: We will prove the theorem for the bootstrap test based on Fi,(\, k) for
k even. The bootstrap statistic is given by

F (k) = (T — k)(SSRy™Y — SR /[kSS R}
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where

M’ﬂ

SSREM = ( e 1) (A.12)

To;

2
(1 ) (1) A1), _(1
SSRla(,k) = Z Z (ylg ) yéi) - aéi)(yt(—)1 - yéi}—l))
=1 t=T5;_1+1
k/2 Teiq1

2
Sy ( oy 1) (A.13)
=0 t=T5;+1
In (A.13), dg) denotes the slope estimate from an OLS regression of yfl) on a constant and

yﬁ)l [t =Ty 1+ 1,...,Ty;1=1,...,k/2]. Since gV = yt(l)1 + e for t < T, we have

ar?(SSRyY — SSR;Y))

o
To;
Y 1 _(1 1
k/2 ) CLT2T DY {(th1 - yéi,)—l)eg )}]
R -15(1) t=Toia+1 A
S |(Toi = Toin) |ag'es) | + o 5 (A.14)
i —2m_ 2 1 (1
= aTZT 2 (ngf)l - yéi?—l)
t=Tz; 1+1

Next, we establish an invariance principle for the sequence {a;legl); t=1,..,T } To this

end, let F; be the o-field generated by {vs;s < t}. Since eV = g, { aTleil),Ft*} is a
martingale difference array. Further, uniformly over r € [0, 1],

[Tr] [Tr]

a? T Z[ ]—aTQT Z“”

since

(] 2 (Tr] 2 (Tr]

B a2 Z ([ (1)} v2> = a2 Z —1)} <or? Z(a;1gt)4 = 0,(1)

t=1

(where C'is a positive constant), using the fact that under Hé ), ap'é = apte; +aptwi (11—

) = azle, + O,(T~'?). Also, a;?T~ 1Z£T7"1]t & = [ g% uniformly over r € [0,1] (by
Lemma 2 in Cavaliere and Taylor, 2008). Then, applying Theorem 2.1 in Hansen (1992)
with Sr(.) = T2 51 4, we get

[T'r]

1Y et = [ ewaases) 5, [ g6)dBi6) =30Bu)  (A13)
0 0
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Utilizing (A.15), we have

Ty W ) 2 A2 (23) 2
TE D S (S e (VO]
t=Toi—1+1 A2i-1
‘ 2 . 2
To; B(le)<)\2¢> - 3(211)()\2171)
Ty {<y§”1 Bel) ) 2, (1/2)5(1)? w0} - " 2}
t=Tz; 1+1 _g( ) { (>‘22) _g(>‘2i—1) }
ap' TV2e) 2, (Mas — Aaim1) 'G(1)[Bya(Mai) = Byi(Maioa)] (A.16)
Substituting (A.16) in (A.14) and noting that (T—k)"1SSR:0) 2 5(1)2, we get Fr, (A k) -5,

FP (N k), where FL (A k) is the weak limit of Fi,(), k) as stated in Theorem 1. The rest of
the proof follows from the proof of Theorem 5 in Hansen (2000).4A

Proof of Theorem 4: The bootstrap BP test for k breaks is given by

Gi(k) = [T —2(k + 1)](SSRy"” — SSR;\") /[kSSR;Y]

where

T 2

SSRy® = 3 (e,§°> — g0 _gOO, é_oi)) (A.17)

1
k+1 T; 9
#,(0 0) (00 (0, (0 _(0

SSEY = 3 S (e = e = a (el ) (A.18)

=1 t=T;_1+1

In (A.17), &© denotes the slope estimate from an OLS regression of e on a constant and
eﬁ‘l)l [t =1,...,7T]. In (A.18), &EO) denotes the slope estimate from an OLS regression of

eﬁo) on a constant and efi)l [t =T;_1+1,...,T;]. We can write, after some algebra,

T 2
o 0 (0 0
) [GT2T 12 > {(ei )1 65,21)61(5 )}]

t=1

T 2
TS (0 )
t=1

a2 (SSRy"” — SSRyY) = ~T [az'e®

k+1

.-
T;
0TS {<e§‘i>1—e§?21>e§“>}]

2 t=T;_1+1
30| @ =T o]+ - (A.19)
=1 afT—l > (691 _1(0) 1)

t=T; 1+1
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Next, we establish an invariance principle for the sequence {a;lego); t=1,..., T}. In partic-
ular, we will show that for r € [0, 1],

[Tr]

T-1/2 Z aptel? / s)dB (s (A.20)

To this end, let F; be the o-field generated by {vs; s < t}. Since e\ =g, { aTlego), Fitis
a martingale difference array. Further, uniformly over r € [0, 1],

(7] (7]

Qle[ ]—aTQT Z

since

[Tr] 2 [Tr] [T7]

2
{8 (1 )} <o L S0} <or S a0
t=1

usmg the fact that a;'¢; = a;'e,+0,(T~?) [eq. (A.7)in Xu, 2008]. Also, a;*T* Z}ETZ e
o g°. Then, again applying Theorem 2.1 in Hansen (1992) with Sp(.) = T—'/2 ££]1 v, We

get
(Tr]

T2y " azte)” Za%l/ ers)dSr(s) gp/ 9(s)dBu(s)
0 0

t=1

Noting that { aﬁeio)et )1, F/} is a martingale difference array, we can show, using similar
arguments as above, that

[Tr] r
1S el [ i) (A.21)
t=1 0
for € [0,1], where By(.) is independent of By(.). Finally, since a;*T'SSRy; 02, 5(1)2,
Gi(\ k) =, G\ k) using (A.20) and (A.21) in (A.19), where GI(\, k) is the weak limit
of G1(\, k) as defined in Theorem 2. Hence, following the proof of Theorem 5 in Hansen
(2000)7 pZ,Gl g U[07 1]7 pll)]Dmax ﬂ) U[Ov 1]‘

Proof of Theorem 5: We will prove p, 20 and Pha %5 0 under Hélgl with m even.
Consequently, p%,... — 0 and pp,... — 0. The proofs for the alternatives Hlflrzl and

H 1(021 can be established using similar arguments. The proof proceeds in two steps: (i) We
first show that the bootstrap counterparts Fy, (m), F};,(m) and G5 (m) of Fi,(m), Fi,(m) and
G1(m), respectively, are each O,(1) under HY, (ii) Fia(m) [hence Wi(m)] and G1(m) both
diverge with T'.
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For (i), first note that for s € [0, 1],

m/2
0 g = aptery +apt Y (an — Dhipa aT(Ts] € [Ty +1,78)) + O,(T2)
i=1
so that
[Tr] [Tr] [Tr] m/2
o Zet =a*T™! Zet +ap Tt ZZ i — 1)2h7 I(t € [Ty, + 1,T5]) + 0,(1)

t=1 i=1

m/2

z, / 7+ 3 loa - (O) / G(9°1(s € Ny, M)ds = V() (say)  (A.22)

where a T~ 12?‘;0 JhE S 2, 20 on g if s € [A)._,, \%] and QP is the (1, 1) element

of Q) where Q) is deﬁned analogously to 2 in Lemma A.1 but is now specific to regime
2i. Therefore, we have for r € [0, 1],

[Tr]

TS A =t [ enadsi) % [ 6B = Bl () (423)

where g1(s) = g(s)[1 + 27 (aa — D2 (s € N1, Ay ])ds] /2. Note that [ g1(s)? =
V(r). Then, the results stated in (A.16) all hold with By(.) replaced by B,i(.). Fur-
ther, (T' — k)’lSSRI;SC) =, fol 91(s)> = V(1). Thus, F,(m) = O,(1). Entirely analogous
arguments can be used to establish F};(m) = O,(1).

Next, we show that G5 (m) is stochastically bounded under HC(LI,L First, note that we can
write B

€=y —9— (Y1 —y-1) — (w, — )T

where T'(a — 1) = O,(1) since HEY, involves a mix of T (1) and 7(0) regimes. Further,

j—aj = J—ja—(@—=Dj1=T"(yr —y) — (@ — 1)j1
= OP(CLTT_l/Q) — Op(CLTT_l/2) = Op(CLTT_l/2)

Thus, in an I(1) regime, i.e., t € [To; + 1,...,T5;11], i = 0,...,m/2, we have

aTlet = a;let + a;l(l —a)y—1 + Op(T_l/Q) = a;let + Op(T_l)Op(Tl/Q) + Op(T_l/Q)
= aple, + O, (T~ (A.24)

In an 7(0) regime, i.e., t € [To; 1+ 1,...,Ty], i =1,...,m/2, we have

a;lgt = a;let + (Oégz‘ - 1)a;lht_1 + Op<T_1/2) (A25)
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Combining (A.24) and (A.25), we can write for t = 1,..., T,

m/2
ap'e = ag'er + Y (g — Dag'haI(t € [T5 4 +1,..., T5))
i=1
so that for r € [0, 1],s0 that
(Tr] [Tr] [Tr] m/2
o’ T Y & = ap’T" 12% +ag? Ty Y (oo = DRIt € [T+ 1,T3]) + 0,(1)
t=1 t=1 =1

= V(r)

where V(r) is defined in (A.22). Hence, a;'T /2 ETTI] eg ) = az' [y €rgdSr(s) =, Bya(r)
and the limits in (A4.20) and (A.21) now hold with ¢(.) replaced by g;(.). Also, a;>T~ 1SSR* 0) 2,
V(1). Thus, G3(m) = O,(1).

To show (ii), note that since A\’ € A™ and Fy,(m) = SUpeam F1a(A, m), it is sufficient to
show that F1,(\°,m) = O,(T). Define

T T
(Z wywy) ! Z w Ay,
t=1 t=1

fo; = Mo+ Y9 | —H2i—1; i=1,..,m/2
Then hy 1 = yp1 — fs;, t € [Th: 1 + 1, T5]. We can write

T m/2 T21+1 9
SSR((JD = Z(Ayt— Z Z {wt (IT — 1) —i—et}
=1 i=0 ¢=T9.+1

m/2 9.

+Z Z {agz—lht 1+ w(TT — H)—i—et}z

i=1 ¢=T9 | +1

m/2 22 m/2 21
= Zet—FZ 0422—1) Z h —|—2H H) Z(agi—l) Z ht 1We
t=T9,_,+1 i=1 t=T9_;+1
o o o m/2 21
A=Y (WW)I - ) + 2 =) We +2) (agi—1) [ D hiae
i=1 t=TY | +1

Let Z() = dzag(Z b Z(nlﬂ) where Z Y is the first column of Z; = (hro sy hpo 1) and

the [(m41) x 1] vector v, = (0, a3 — 1,0, a4 — 1, .., 0)'. Noting that II —II = (W'W) " 'W'e +
0

(W'W)~ Zmp(am 1) ZtTiT{ 1 he—1wy, we can write

SSRY Z 2+ v, ZV My ZO~, — W (W'W) ' We 4 2¢,ZW'e (A.26)
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Now we use the following facts: (i) ’W(W’W)_1W’e = a2 [a;* T~ Y2e'W (a2 T *W'W)
a 2T~ YV2We] = a20,(1) = O0,(a2); (ii) ¥4 ZW'e = O,(a2T*?). Thus, from (A.26), we get

T
a}2SSRé = a2 el + a2y, 2V My ZWy, 4 0,(TY?)

t=1
Next, we have (with IT denoting the estimate of IT under the alternative model),

m/2 T2L+1 m/2

BRI S S R FRSNE S S el )

=0 t:T207,+1 =1 t= T0_1+1 +(wt - 1,[_}21)/(]___[ — H) + et

Then, noting that

m/2 3,
-1 = (W’W)*l[Z(agi — (ug;) Z Wi (Ye—1 — Yoi,—1) + W'e]
i=1 t=T9, ,+1

= [0p(az”T™[0p(a7T"?) + Op(a7T"?)] = Op(T71/?)

we can show, after some simplification,
T
a72SSRY), = ar? el + 0,(1) (A.27)

Combining (A.26) and (A.27),
a7 (SSRY — SSRY ) = az ¥, ZW My 2V, + 0,(T?) (A.28)

Now, since regime 2i (i = 1,...,m/2) is 1(0), ap*v,ZY' My ZMW~, = a;20,(a2T) = O,(T).
Since this term is positive and dominant in (A.28), F1,(\°,m) diverges to positive infinity
at rate T. Entirely analogous arguments can be used to show the divergence of G1(m) at
rate T". The details are omitted. A

Proof of Theorem 6: To prove this result, it is sufficient to show that

lim P( min {p}} <) <7 (4.29)

T—oo 1<i<i+1

as the rest of the proof follows the same arguments as in the proof of Theorem 2 in Kejriwal
(2018). First, note that

P( min {pi} < my)=1-P( min {pi} > n,)
= 1- Hiii [P(pz‘ > 77l+1)]

= 1T 1= P, < mad 008 <mad)]  (A30)
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where the second equality follows from the 1ndependence of the test statistics across segments
and the third from the fact that pf = ma:x:{p1 Wy D1 Gl} Next, from Theorems 3 and 4, it
follows that under the null hypothesis of [ breaks, we have for any segment i € {1,...,1+1},

PU{pi <m0 bl é <)) < PP < }) — ey ifdis 1(1)
P({py 3/1 < my N {pPY ‘G < My1)) < P({p1 <Mig1}) — Mg if0is 1(0) (A.31)

Thus, using (A.31) in (A.30), we have

] I+1

lim P( min {p;} <mn,) <1-— [1 M+

T—o0 1<i<i+1 =1

which proves (A.29).A

Proof of Theorem 7: The proof uses arguments very similar to those used in proving
Theorems 3-6 and is hence omitted. A
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Appendix B: Additional Monte Carlo Results

Notes to Tables

1.

10.

Table B-1 reports the empirical size of asymptotic tests with nominal size 5%. The
tests Ky, K, Ky are the ratio-based tests of Kim (2000) and Busetti and Taylor (2004)
and Hy, Ho, H,,,, are the tests of Kejriwal et al. (2013).

Table B-2 reports the size-adjusted power of 5% bootstrap tests under different change
points and volatility intensity in the single break case with breakpoint A} = .5 and
serially uncorrelated errors (p = 6 = 0) with abrupt volatility change (Model 1).

Table B-3 reports the size-adjusted power of 5% bootstrap tests in the single break
case with breakpoint A\Y = .5 and AR(1) errors (p = .5,60 = 0).

Table B-4 reports the size-adjusted power of 5% bootstrap tests in the single break
case with breakpoint A} = .5 and MA(1) errors (p = 0,6 = .5).

Table B-5 reports the size-adjusted power of 5% bootstrap tests in the two breaks case
with breakpoint vector (A\), \9) = (.3,.8) and AR(1) errors (p = .5,6 = 0).

Table B-6 reports the size-adjusted power of 5% bootstrap tests in the two breaks case
with breakpoint vector (A\Y, \9) = (.3,.8) and MA(1) errors (p = 0,6 = .5).

Table B-7 reports the empirical power of 5% bootstrap recursive and the proposed
non-recursive BP tests in the single break case with breakpoint A} = .5 and AR(1)
errors (p =.5,0 =0).

Table B-8 reports the empirical power of 5% bootstrap recursive and the proposed
non-recursive BP tests in the single break case with breakpoint A} = .5 and MA(1)
errors (p = 0,60 = .5).

Table B-9 reports the probabilities of selecting the true number of breaks from the
sequential procedure under different abrupt volatility break points and intensities in
the two breaks case with breakpoint vector (A}, \) = (.3,.8), serially uncorrelated
errors (p =60 = 0) and level n = .10.

Table B-10 reports the regime-wise parameter estimates and wild bootstrap p-values
of the ADF test for the OECD countries with persistence breaks.
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Table B-2: Size-adjusted power of bootstrap tests under different change points and volatility intensity,
[Model 1, DGP 1, m =1, p=0 =0, a = 0.5, 5%]

T A)  Test Model 1: §
1/5 1/3 1/25 1/1.5 1/1.1

Hf 05 .05 .04 .07 .28
02 H; .04 04 04 05 .09
Hi.., 05 .04 05 .06 .20
Hf 05 .04 .05 .15 .61
03 Hj .04 .04 04 08 .20
Hi,. 04 05 .04 11 .46
Hf 04 05 .06 .56 .94
05 Hj .04 .04 04 24 55
200 Hi.., 05 04 05 44 89
Hf 08 .17 27 87 .98
06 H; .03 .04 07 41 .70
Hi,, 04 08 12 77 .95
Hf 33 51 61 .92 .96
07 Hj .19 24 27 58 .77
Hi.. 23 32 44 8 .94
Hf 31 39 44 58 .62
09 H; .30 31 .32 43 47
Hi.. 29 33 37 55 .60
Hf 06 .06 .06 .30 .88

02 H; .05 .05 .05 .08 .38
Hi.,. 05 05 05 .16 .74
Hf 06 .06 .06 .73 1.0

03 H; .05 .05 .05 26 .73
Hi.. 05 05 .05 .55 .98
Hf 06 .08 20 .99 1.0

05 H; .05 .05 .06 .78 .99
400 Hi.,. 05 05 10 .97 10
Hf 58 84 94 10 1.0

06 H; .07 18 31 .93 10
Hi.. 30 65 8 10 10
Hf 96 99 1.0 10 1.0
07 H; 67 75 82 98 10
Hi.,., -8 96 98 10 10

Hf 84 88 90 .93 .93

09 H; .78 .79 80 .84 .86

.80 .84 87 93 .93
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Table B-9: Break selection probabilities under different abrupt volatility break points and intensities, [Model
1, DGP 5and 6, m =2, p=60 =0, 5%]

T DGP of(ar,a2) 7 Model 1: ¢
1/3 1/25 1/15 1/11 1 11 15 25 3

02 P, A7 .54 .76 83 84 84 84 63 .44

P, .13 15 17 16 .15 .14 14 30 45

03 P .11 A1 .62 83 .84 8 .80 .50 .35

P, .06 .07 .14 A5 .14 14 16 .37 .46

5 0.5 0.5 P .07 .06 .66 84 84 82 .66 .08 .08
P, .08 .10 .14 A4 15 .16 .17 .08 .06

0.8 P. .68 7 .87 86 .84 .80 .61 .18 .15

P, .15 13 12 A3 .15 17 .19 .08 .06

09 P .89 .88 .87 85 .84 83 .78 .69 .66

400 P, .09 A1 12 A4 .15 15 17 17 .16
02 P .86 .85 .89 89 90 .90 .89 .72 .55

P, 12 .14 A1 A1 A1 .10 11 .27 42

03 P .18 41 .88 89 .89 .90 .88 .67 .50

P, .07 .09 A1 A1 A1 .10 .12 .29 40

0.5 P. .08 .28 .88 88 90 .89 .88 31 .11

0 0-2,09) P, .07 .09 12 120 .10 .11 11 12 .09
0.8 P .80 .86 .88 89 88 89 .86 46 .32

P, .14 12 12 A1 A2 .11 12 12 .08

09 FP. .9 90 .90 89 89 88 .88 .86 .86

P, .09 .10 .10 A1 A1 12 12 13 .13

02 P. .78 .80 .85 86 .87 87 .88 .74 .58

P, .15 .16 .15 A4 .13 13 12 .25 41

03 P .09 A2 .83 86 .87 .87 .88 .71 .54

P, .05 .06 .15 A4 .13 13 12 27 40

5 0.5 05 P .05 .07 .86 88 .86 .85 .83 .13 .07
P, .07 .08 13 A2 .14 15 16 .10 .08

08 P. .82 .86 .87 87 8 .86 .76 .25 .18

P, .15 13 13 14 14 14 21 .13 .09

09 P 88 .89 .88 86 87 87 .8 .81 81

600 P, .12 A1 12 A4 .14 14 15 18 .18
02 P 84 .85 .86 85 86 .86 .86 .80 .67

P, .16 15 .15 A5 .14 14 14 20 .33

03 FP. .57 .76 .86 86 .86 .86 .87 .79 .67

P, 12 15 .14 14 14 14 13 .21 .32

05 P .32 .68 .85 86 .85 .86 .88 .64 .30

0 0-2,09) P, .11 15 .15 A4 15 14 12 14 13
08 P .84 .85 .86 86 .86 .87 .86 .74 .56

P, .16 .16 .14 A4 .14 14 14 15 12

09 P. .86 .86 .86 86 .8 .86 .86 .87 .85

P, .14 .14 .14 A4 15 14 14 14 15
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Table B-10: Regime-wise estimates of OECD countries with breaks in persistence

Country m  Regime AR sum 90% Band ADF p-value

) ¢ R € R—Y &) ©)
Belgium 1 1st b7 [.44, .75] .00
ond 82 [71, 1.05] 11

1st .10 [-.12, .38] .00

France 2 2nd .65 [.51, .89 .10
3rd 63 51, .79] 00

1st 21 .10, .36] 00

Germany 2 2nd .52 [.42, .64] .00
3rd 06 [-.51, 1.15] 08

1st .01 [-.13, .19] .00

Ttaly 2 ond 51 .36, .73] 00
3rd 88 (.82, 1.02] 07

1st 87 [76,.1.10] 51

Luxembourg 15 4 13 [-.80, 1.17] 01
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