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1 Introduction

There are a number of articles which have been written to generalize Debreu and Scarf’s
original article [1963] on core convergence by allowing for production. To the best of my
knowledge, however, all such articles, in showing that the replicated core was a Walrasian
allocation, have assumed that each individual in the economy could, on the basis of his or
her own production capabilities, produce a positive (or greater than minimal) amount of
each commodity in the commodity space. The primary purpose of the present article is
to weaken this assumption. I have also been able to provide a simpler proof of the main
convergence theorem than that developed by Nikaido [1968] in his proof of a similar (but
less general) result. Finally, I have dispensed with the assumption that (strict) preferences
are negatively transitive; thus allowing for the intransitivity of indifference.

The basic notational framework for the analysis is presented in Section 2. Section
3 gathers together some fairly familiar and standard definitions regarding the core of a
production economy, and our new results are presented in Section 4.

2 Notational Framework.

We will be dealing with a private ownership economy, & = ((X;, Pi), (Yx), (74), [sik]), where
X;(t=1,...,m)and Yy (k =1,...,¢) are non-empty subsets of R"; P; is an irreflexive
binary relation on X; and r; € R™, for each i € M; while s;y € Ry fori=1,...,m,k =
1,...,¢ and for each k € L:

ZieM sik =1,

where we define M = {1,...,m} and L = {1,...,¢}. In such an economy, we will often
be concerned with the allocation of consumption bundles to the consumers; denoting such
an allocation by, for example, ‘(x;)icpr.’

2.1. Definitions. If € = ((X;, B,), (Yi), (r:), [sik]) is a private ownership economy, we
will say that (z;)iepr € R™" is an attainable consumption allocation for € iff:

x,eX; fori=1,...,m;
and there exist y,, € Y;, (k= 1,...,¢) such that:

ZiEM *i= ZieM Tit ZkeL Y- (1)

In other words, (x;);cp is an attainable consumption allocation for € iff there exists
(Yr)ker such that ((@:)ienr, (Yr)rer) € A(E); where we define:

A(€) = {((@diers, (widker) ER™ O[S @=3" mi+ > wih (2)

We will denote the set of all attainable consumption allocations for € by ‘X *(€),” or simply
by ‘X*.” We denote the aggregate consumption set for € by ‘X*(€)’ [or simply ‘X*’], thus:

m

X&) ={z e R" | (Hzi)iens € X*(€)): z = Zi:l ;)
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Further bits of notation are the following. We define the sets Il and II by:
I, ={peR" | (W eV)VyeY):p-y " 2p-y} fork=1,....4

and:

= mkeL Iy,

respectively, and the functions 7y : IIy — R by:

m(p) =maxp-y forke L.
yeY)

We will also need a couple of fairly standard definitions, and a ‘well-known’ proposition,
as follows.

2.2. Definitions. If P, is an irreflexive binary relation on the non-empty set X; C R",

we shall say that F; is:
1. weakly convex iff X; is a convex set, and, for each & € X;, the set:

chc’[ = {ml S Xi | m,Rm:‘},

is a convex set.
2. lower semi-continuous iff, for each z} € X; and each x; € P;x}, there exists a

neighborhood of x}, N(«}), such that:
(Vz; € N(x})): @; Pz},

2.3. Proposition. If P; is a lower semi-continuous binary relation on a convez set, X; C
R™, and =} € X; and p* € R™ satisfy:

(Vz; € X;): 2P} = p* - x; > p* - ],
and:

. de .
p*-x; > minp* - X; S tnin p*-x;,
:ltiEXi

then:
(Vx; € X;): ; Pz} = p* -x; > p" - x}.

We will be considering possible actions of coalitions of consumers, where a coalition of
consumers can be identified with a subset, S, of M; the collection of all such coalitions,
that is, the collection of all non-empty subsets of M, will be denoted by ‘8.’

In order to define the production possibilities available to a coalition, S C M, we begin

by defining the sets Z;, for (i,k) € M x L, by:

Zie = sy Ve & {z € R"| By, € Yi): 2 = sy} (3)



We then define:
iy ={peR"|(3z*€ Zy)(Vz € Zyy): p- 2" > p- z},
and 7 : II;; — R by:

mik(p) = max p- z.
k2

Finally, we define the i*" consumer’s production set, Z;, as:
¢

Z; = Zi:l Ziy = Zk:l ik Y- (4)

With these definitions, it is easy to prove the following.
2.4. Proposition. Let & = ((X;, B, (Yi), (73), [sik]) be an economy, and p* € R™. Then:
1. if yi mazimizes p* -y on Yy, then zj, el sikYy mazimizes p* - z on Zi; and:
2. if ik > 0, and zi € Zi,, mazimizes p* - z on Z, then y, dzef(l/sik)zik mazximizes
profits on Yy.
3. Thus, for all (i,k) € M x L:, Il;; = Il and for any p € 11}
Tik(p) = sk (P), (5)
4. and, for alli € M, and for any z; € Z; and any p € II:

p-zi < ZkeL sikTk(P)-

2.5. Proposition. If & = ((X;, B.), (Yx), (7:), [sik]) is a private ownership economy, then,
given the definitions of this section:
Y= YC) Z. (6)
kel ieM
Moreover, if Y, is conver and contains 0, for each k € L, then for each S € 8 we have:
Y zicv. (7)
€S
Proof. 1 will leave the proof of the first part of this proposition as an ‘exercise for the
interested reader.” As to the ‘moreover part’ of the conclusion, suppose that z; € Z;, for
each i € S. Then, by the definitions of Z; and Z;, for each ¢ € S there exist yi, for
k=1,...,¢ such that:

Zi = Z SikYl- (8)
kel
However, since each Y, is convex and contains 0, and Zie M Sik = L
def ; ;
Y = Zsikyi- + ( Z Sik)O = Zsiky;m
i€S i€M\S i€S
is an element of Yy, for each k € L. Moreover:

Zzi =Zzsiky§c =Zzsiky§c :Zyk~

ieS 1€S kel keL ieS kel



3 The Core of a Production Economy.

In this section we will state a number of fairly standard and familiar definitions. We will
assume throughout the remainder of this article that the following condition holds:

X;Nri+2Z;]#0 fori=1,...,m; (9)
in other words, for eachi € M, we suppose that there exist T; € X; and z; € Z; such that:
T =1;+ 2;. (10)

The assumption expressed as equation (9) is fairly restrictive; in a modern industrial-
ized society, individuals specialize in the expectation of being able to purchase (or trade
for) necessities which they themselves do not produce. On the other hand, in much of
the literature, it is supposed that X; = R™ for each 4, and that r; € R%} as well; con-
sequently, the condition in (9) generalizes the assumption commonly-used. Moreover, it
greatly simplifies our analysis, by making the following definition apply to any S € 8. 1

3.1. Definition. Let S be a non-empty subset of M (so that S € 8). We will say that
((xs, 2i))ies is attainable for S, or feasible for S, iff:

x; € X; and z; € Z; for all i € S, (11)

and:
Zwi=Zri+2zi. (12)
€S €S €S

3.2. Definition. Let (z})icym be a consumption allocation for €, and let S € 8 be a

coalition. We shall say that (x});cp can be improved upon by the coalition S (or
is blocked by S) iff there exists an allocation, ((x;, zi))ics, Which is feasible for S, and

satisfies:
(Vi € S): x; P (13)

3.3. Definition. The core of an economy & = ((X;, P;), (Yi), (74), [sik]), is defined as
the set of all attainable consumption allocations for € which cannot by improved upon (or
blocked) by any coalition, S € 8. We shall denote the set of all core allocations for £ by
‘}C(€).

3.4. Definition. An (m+¢+1)n-tuple, ((x}), (y}), p*) is a Walrasian (or competitive)
equilibrium for the private ownership economy & iff:

1. p* 76 O

2 (@), (uD)) €

3. for each k (k= ., 0), we have: p* -y} = m(p*), and
4. for each i (i = 1 ) we have:

a. p*-x < wi(p*) def p* T+ ZkeL sikmik(p*), and:
b. (Vz; € X;): z; Pz} = p* - x; > wi(p*).

11t should be noted that if the set of viable coalitions, 8, is a proper subset of 8, then Theorem 4.1,
below, remains essentially intact.



3.5. Definitions. Given an economy, & = ((X;, B)), (Yk), (ri), [sik]), we define the set of
all Walrasian allocations for € W(E), by:

W(E) = {((=), (ui) € A(€) | (3p" € R"):
(x}), (yL),p*) is a Walrasian equilibrium for €}

1

We then define the set of Walrasian consumption allocations for € W (&), by:

W (&) = {(zl)iem € X*(&) | Blyidrer): ({xi), (wi)) € W(E)}.

4 The Core in Replicated Economies.

Given an economy, & = ((X;, P;), (Yi), (i), [sik]), we consider the sequence of related
economies, €4, defined in the following way.

€q = ((Xni, Pris Thi, Zhi)) (h,i)e,@xM> Where :
Q={1...,¢},Xni=Xi,Pri=PF, rpy=r;and Zp; = Z; for h=1,...,¢;1=1,...,m.

Thus, in &4, the agents (consumers) have a double index; agent (k, ) is the ht" agent of
the 7" type; and each agent of the i** type has the same economic characteristics as does
the 7" agent in the original economy. We will refer to &, as the g-fold replication of €.
In dealing with &, we will use the notation ‘((€pi, 2h:i))(hi)eQxm’ to denote allocations
for &,

We will show that, in a sense to be explained shortly, as ¢ — oo, C(&,) ‘shrinks to
W (€).” Our basic approach follows Debreu and Scarf [1963] in considering the sets Cl,
defined as the set of all feasible allocations, (x;)ieps € X*(€) such that the allocation

(Thi) (hi)eox M given by:
T =x; forh=1,...,¢;i=1,...,m; (14)

isin C(&). Inother words, Cy is the projection on X*(&) of the allocations (@h;) (h,i)eq@x M
from C(&,) which have the property that:

@pi =@y forh W =1,.. . qi=1,...,m. (15)

Notice, incidentally, that if (z;);cps is a feasible consumption allocation for &€, and we
define (i) ijegxm as in equation (14), then (Tri)(nieq@xm is a feasible consumption
allocation for &,.

The following result generalizes a ‘well-known’ version of the ‘First Fundamental The-
orem of Welfare Economics.” Moreover, it establishes the fact that if W(E) # 0, then
C, # 0, for ¢ = 1,2,.... T have stated it here without proof, since it can be proved by
fairly standard arguments.



4.1. Theorem. For any economy, & = ((Xs, Pi), (Yi), (r4), [sik]), we have:
1. W(€) C Cy, and
2. Cq+1 - Cq;

forq=1,2,....

Notice that it follows from 4.1 that for all g:

q

Cq - s=1 CS;
and thus it is natural to write:
* ¢, = lim C 16
,-, Co = Jlim Co- (16)

Debreu and Scarf [1963] showed that given any exchange economy, & = ((Pi,73))ieM,
satisfying certain assumptions, we will have:

(-, Ca € W(®);

which, when combined with Theorem 4.1 and equation (16) means that under the Debreu-
Scarf conditions, we have:
lim Cy, = W(E). (17)
q—00
We will prove a generalization of their result; one which applies to a private ownership
economy with production. However, we will begin by introducing the idea of a ‘quasi-
competitive equilibrium,” and proving that an Edgeworth allocation is a quasi-competitive
equilibrium allocation; where we follow Aliprantis et. al. [1987a, 1987b] in defining the set
of Edgeworth Allocations for &, XE(S), by:

XEeE) = ﬂ:; C,. (18)

4.2. Definition. We shall say that ((z}), (y}), p*) is a quasi-competitive equilibrium
for the economy & = ((X;, P;), (Ya), (i), [sik]), iff ((=}), (y}), p*) satisfies conditions 1-3
of Definition 3.4, and:
4'. for each i € M, we have:
a. p*-xf <wi(p*) =p*-ri+ Y sukm(p"), and:
b. either:

wi(p*) = minp* - X;,
or:
(Vz; € X;): x; Pz} = p* - x; > wi(p*).

We will denote the set of all consumption allocations, (x}) € X*(€), for which there
exists a production allocation (y})ker and a price vector p* such that ((z}), (y;),p*) is a
quasi-competitive equilibrium for € by Wie).
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In our initial result, we will establish conditions sufficient to ensure that X Ee) c
WT1(€). In our proof, which owes a great deal to McKenzie [1988] and Nikaido [1968,
Theorem 17.4, p. 291}, we will need to make use of the following mathematical result; the
proof of which is omitted, since it is fairly ‘well-known.” In the statement of the result,
however, I have introduced one further bit of notation; we will denote the unit matrix in

R™ by ‘A, that is:

Am={aer? Y " a=1}.

4.3. Proposition. IfC; C R" is convex and non-empty, fori =1,...,m, then the conver

hull of C dzer?;l C;, co(C), is given by:

co(C)={xeR"|(BacAn &z, €C;, fori=1,....m): x = Zilaiazi}. (19)

While the above result may seem obvious, it should be noted that the conclusion no
longer holds if the C;’s are not all convex; that is, the convex hull of C' is not generally
given by the formula in equation (19) if the sets C; are not all convex.

4.4. Theorem. If & = ((X;, P.), (Yk), (vi), [Sik]) is an economy such that:
1. Y, is convex, fork =1,...,¢;

and, for eachi € M:
2. P; is locally non-saturating and weakly convez, and:

3. Xin[ri+ Zi] # 0,
then:

E _ M t
xXEe) = ﬂq:l C, CWie).
Proof. Suppose (x});cm € Cj for all g, define P; = Pz} — r; — Z;, for each 7 € M ,? and:

=,

that is, P is the convex hull of the union of the P;’s. The tricky part of the proof is to

establish the fact that 0 ¢ P.
Suppose, by way of establishing a contradiction, that 0 € P. Then, since each P; is

a convex set (and non-empty, by the assumption that each P; is locally non-saturating),
it follows from Proposition 4.3 that there exist a € A,,, x; € X;, and z; € Z; for
i1 =1,...,m, such that:

Zril ai(:ci - T; — Zi) = 0, (20)

2That is:

]P),‘Z{’UERH | (EI:vieXi&zieZi):a:iPimZ&v:xi~ri—zi}.



and:
z;Px; fori=1,...,m. (21)

We will show that these two conditions allow us to construct a coalition in €4+, for some
(finite) integer, ¢*, which can improve upon (z});cpr; contradicting the assumption that
(x})iem € Cy, for all q.

Accordingly, we begin by noting that (20) implies:

ZZl ai(mi - Ti) = ZZI a;z;. (22)

We then define I = {i € M | a; > 0}, and, for each i € I and each positive integer, ¢, we
let b7 be the smallest integer greater than or equal to ga;. Now, by assumption 3, for each
i € I there exist ; € X; and z; € Z; such that:

ﬁi =7r;+ 2. (23)
We make use of the Z; to define, for each 7 € I and each positive integer, g:
qa
mg_(zﬂ) o+ [1- (bql)] ' (24)
and note that, since each P; is lower semi-continuous, and since:
qa;

g — 1 as ¢ — o0,
b;

it follows from (21) that for each i € I, there exists a positive integer, ¢; such that for all
q > qi,
P!, (25)
But now let:
q" = maxg;,
el

let b* = max{bq*, . ,b?,:} and consider the coalition, S, in €« consisting of bg* consumers
of each type ¢ € I, and the allocation (Zp;)(s,i)es defined by:

a‘chi=wg* forh:l,...,bg*, and each i € I. (26)

We have &j; Py;z} for each h and each ¢ € I; while by using (24), (23) and (22) in turn,
we have:

Zie[ 2:1:1 Thi = Zie[ b 2l = Zie[ [(q*ai)ivi + (b - q*ai)ii]
LS i) F i 1 53
(5 k) - T et S 015
S DR LS S, [(q;l>zi 13- (qb;l)zl].




Thus, since each Z; is convex, it follows that the coalition S can improve upon (x});cn;
contradicting the assumption that (x})icps € Cg for all positive integers, q. Therefore
0¢P.

Since we have now established the fact that 0 ¢ P, it follows from the ‘Separating
Hyperplane Theorem’ that there exists a non-zero p* € R” satisfying:

MveP):p*-v>0. (27)
From the definition of P, it then follows immediately that for each i € M, we have:
Vo, € X; &z, € Z;): ; P} = p*-x; > p* - (ri + zi). (28)

Moreover, since P; is locally non-saturating, it then follows easily that, for each ¢ and each
z; € Z;:

ptoxl >p*-ri+p*-z. (29)

Now, since (x})icp € Cy, for each g, it follows from the definitions that there exists
(Y% )keL such that:

}:wI=Zm+Zy};- (30)

iel iel kel
Defining:
z = sy, (31)
kel
we then have from (29) that:
pt(xf—ri—2;)>0 fori=1,...,m. (32)

However, since Y, .; 2¥ = 3.1 y5, it follows from (30) that:
>op(ef—rima) =o' (Lal - =3 ui) =0
iel i€l i€l kel

and from (32) and our definitions that:

prxl=p ri+p 2l =p ri+ > syp*-yp fori=1,...,m (33)
kel

Now, let j € L be arbitary, let y; € Y}, and define, for each
Z; = Z Sikylt + Si5Y;- (34)
k#j
Then we see that z; € Z; for each ¢, so that by (29), we have:

ptrxf >p -ri+pt-z fori=1,...,m. (35)



Adding the inequalities in (35), and making use of our definitions of the z;, we have:

Yopta=pY azpty ritp Yz

el i€l el iel
=p"- ZT’i+P*’ [Z (Zsiky;; +5ijyj)]
iel ieM  k#j
=p ) ri+ > P yi+p -y (36)

i€l k+#j

From (30) and (36) we then see that p* -y > p* - y;, and thus y} maximizes p* - y; on
Yi,fork=1,... ¢

Finally, let ¢ € M be arbitrary. Then from (33) and the conclusion of the previous
paragraph, we have:

p*owl = wi(p) E ptori+ Zi:l sk (P")-

Furthermore, it follows from (28) that:

(Vx; € X;): zmi Pz} = p* - x; > wi(p*);
and thus from Proposition 2.3, we see that either:

wi(p*) = minp” - X,

or:

(Vx; € X;): mi Pz} = p* - x; > wi(p*).
Therefore, ((x), (y;),p*) is a quasi-competitive equilibrium for €. O

We can strengthen the conclusion of the theorem just proved to conclude that if (x})
is an Edgeworth allocation and satisfies an irreducibility condition, then (x}) € W (E).
The condition in question is defined as follows.

4.5. Definition. We shall say that the economy, & = ((X;, P,), (Yk), (74), [sik]) is irre-
ducible at the consumption allocation (z}) € X*(€) iff, given any partition of the
consumers, {S1,S2},% there exists ((x;, 2;))icpm such that:

v, e X; &z, €Z; fori=1,...,m, (37)
Yo(wi—ri—z) =Y (ri+z—w), (38)
€S 1€S2
and:
(Vi € S1): ; Px;. (39)

We will denote the set of consumption allocations at which € is irreducible by ‘X I &)

3By a partition of the consumers, {S1, S2}, we mean S; C M & S; # 0, for j = 1,2, S NSy =0, and
S1USy =M.
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In effect, the economy € is irreducible at (x}) € X*(&) iff, given any partition of the
consumers into two groups, S; and Sy, there is a feasible trade between the two groups
which would make each of the consumers in S; better off than they are at (x}). Of course,
this same trade may make each of the consumers in Sy worse off than they are at (x})!

4.6. Theorem. If & = ((X;, i), (Yk), (ri), [sik]) is an economy such that:
1. Yy is convex, fork =1,....,¢;
2. mt(X)N[r+Y]#0,
and, for each i € M:
3. P; is locally non-saturating, weakly conver and lower semi-continuous, and:
4. Xin[ri+ Z;] # 0,
then:

x'©n [ cdcwe.

Proof. Suppose:

oo

c,].

Then it follows from Theorem 4.4 that, given (y})ker such that ((z}), (y})) € A(E), there
exists p* € R™ \ {0} such that ((x}), (y}),p*) is a quasi-competitive equilibrium for €.
Furthermore, from assumption 2 we see that there exists £ € X* and 6 € R, such that:

(@h)ien € XT(€)N [

q=1

o €3 op* e X~ (40)
Thus we see that:
p*al=p*-[-0p|=p -Z—-0p" p'<pEZ<p-a,

where the last inequality follows easily from the definition of a quasi-competitive equilib-
rium. Therefore:

(Fie M): wi(p*) =p*-x; > minp* - X;. (41)
Now, define S; C M (i = 1,2) by:
Sy ={i € M |w;i(p*) > minp* - X;},
and:
So={i € M | w;i(p*) = minp* - X;},

respectively. By (41), S; # (. Suppose by way of obtaining a contradiction, that Sy # 0
as well. Then, since (x});cp € X(€), there exists ((x;, 2;))icnr such that:

Z(«’Bi —7ri—2;) = Z(rl +z; —x;), (42)

€51 i€Ssy

11



and:
(Vi € S1): ; Pz} (43)

However, by definition of S; and the fact that ((x}), (y;), p*) is a quasi-competitive equi-
librium, we have, for each i € Sy:

¢
p* x> wi(p*)==p" i + Zk:l sikP” * Yi- (44)

Moreover, it follows from profit maximization and Proposition 2.4.4 that for each i € M:

!
Zk:l sikP” YL 2P Zi, (45)

where z; € Z; is from (42). Thus, from (44) and (45) we see that, for each i € S;:
p* (i —1i—2)>0;

and it then follows from (42) that:

Soptm <Y Pt Y P <Y P it Y Y sup yE= ) wip):
i€Sy 1€S7 i€So i€Se 1€Sg keL €S2
But this means that for at least one i € So, we must have:

p*-xy = wi(p") > minp* - X

contradicting our definition of Sy. Therefore, So = 0, and it follows that ((x), (y}),P")
is a Walrasian (competitive) equilibrium for €. a

Our final result could almost be called a corollary of 4.4 and 4.1. In it we will make
use of the following definition.

4.7. Definitions. We will say that the j** commodity is a numéraire good for P; iff
for all z € X; and all § € R, ,,* we have:

x+be; € X; and (x + fe;) P, (46)

where e; is the j% unit coordinate vector.” We shall say that the j** commodity is a
numéraire good for the economy, & = ((X;, P), (Yx), (74), [si]) iff it is a numéraire
good for each ¢ € M, and for each ¢ € M there exists 6; > 0 such that:

X;N [('f‘i — Hiej) + Zl] #* . (47)

‘Where R4 = {z € R |z > 0}.
5The vector having all coordinates equal to zero except for the 4" coordinate, which is equal to one.

12



4.8. Theorem. If & = ((X;, B), (Yk), (7i), [sik]) is an economy such that:
1. Yy is convex, fork=1,...,¢;
2. mt(X)N[r+Y]#0,
3. for some j' € {1,...,n}, the commodity j' is a numéraire good for €,
and, for each i € M:
4. P; is weakly convexr and lower semi-continuous,
then:

E _ oo
xXEe) = [ﬂqzl C,] =w(e).
Proof. Since it is an immediate implication of Theorem 4.1 that W (&) C XF(&), we need
only prove that X¥(&) C W(€). Accordingly, let 5/ € {1,...,n} be the numéraire good
for €, and note that it then follows from (47) and (48) of Definition 4.7 that, for each
1€ M:
X;N [7'1' + Zz] # .

Consequently, since each P; is locally non-saturating by virtue of the fact that commodity
j' is a numéraire good for &, it follows from Theorem 4.4 that if (z});cps € XF(E), then

there exists p* € R™\ {0} and (y})rer such that ((xF), (y;),p*) is a quasi-competitive
equilibrium for €. It also follows from assumption 2 that there exists z € X def Y iem Xis

0 €Ry i, and y € > Yk such that:
z—60p*eX and z=7r+y.

Thus, as in the proof of 4.6 we see that there must exist at least one h € M such that:

wa(P*) =p* - Th+ Y suemi(p*) > minp* - X;;
kel

so that, by Proposition 2.3:
(Vxp, € Xi): zpPrxy, = p* - xp > wi(p*).

However, since commodity j’ is a numéraire good for Py, we recall that for any Az >0,
we have:

(x}, + Azjej) Puy,

where e; is the (j')* unit coordinate vector. It then follows that we must have pj > 0.
Now let ¢ € M be arbitrary. Then, by definition of a numéraire good for &, there exists

x; € X;, Z; € Z;, and 9]-/ > 0 such that:

T, =T; — 9]-/6]-/ + z;.

and, since p; > 0, it then follows that:

P xT, <p*ri+pzZ; (48)
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Moreover, it follows from Proposition 2.4 and the definition of a quasi-competitive equi-
librium that:

p*-Z; < Zsikﬂ'k(p*). (49)
kel

From (48), (49), and Proposition 2.3 it now follows that:
(Vx; € X;): x; Pz} = p* - x; > wi(p¥),

and we see that ((x}), (y}),p*) is a Walrasian equilibrium for €. O
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