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1 Introduction

Over the past few decades, a variety of methods has been developed in both the statistics
and econometrics literatures for estimation and inference with highly persistent time series.
Following Chan and Wei (1987) and Phillips (1987), a highly persistent time series is typically
modeled as one with an autoregressive root local to unity (o« = 14 ¢/T'), thereby permitting
analysis of the stationary (Jo| < 1) and the nonstationary (o« = 1) cases within a unified
asymptotic framework. Local-to-unity limit theory has been fruitfully employed to develop
efficient unit root tests (e.g., Elliott et al., 1996), uniformly valid confidence intervals in
autoregressive models (e.g., Hansen, 1999; Mikusheva, 2007) and robust inferential methods
in predictive regressions (e.g., Phillips, 2014; 2015). The primary technical difficulty in
this modeling framework arises from the fact that the noncentrality parameter ¢ cannot be
consistently estimated.

While a substantial body of work has addressed issues related to estimation and inference,
the problem of forecasting a highly persistent time series has received relatively less attention.
The essence of the forecasting problem lies in the bias-variance tradeoff whereby imposing a
unit root reduces estimation uncertainty at the expense of potential model misspecification
while unrestricted estimation can lead to high forecast risk due to variance inflation. Franses
and Kleibergen (1996) apply the restricted and unrestricted models to the Nelson-Plosser
dataset and argue that the restricted model is preferred in a variety of sample sizes and
forecast horizons. Diebold and Kilian (2000) suggest that unit root pretesting improves
forecast accuracy relative to restricted or unrestricted estimation. Kim (2001, 2003) and
Clements and Kim (2007) investigate the impact of various bias correction methods on point
forecasts and prediction intervals for univariate autoregressive models and find that bias
correction delivers considerable gains in forecast accuracy for unit root or near-unit root
autoregressive models.

Forecast combination, pioneered by the work of Bates and Granger (1969) and Granger
and Ramanathan (1984), provides a useful, practical approach to constructing forecasts that
can effectively capture the bias-variance tradeoff inherent in the individual forecasts. In
the present context of forecasting a highly persistent time series, Hansen (2010) suggests
combining forecasts from the restricted and unrestricted models with weights determined by
optimizing a Mallows criterion, designed to provide an approximately unbiased estimator
of the in-sample asymptotic mean squared error. Hansen’s (2010) results strongly caution

against using the pretesting method, which exhibits high risk over a range of persistence



levels (values of ¢), while simulations show his Mallows model averaging forecast performs
well relative to a number of commonly employed methods and dominates the unrestricted
forecast uniformly in terms of finite sample forecast risk.

In the standard stationary framework, the classic result of Grenander and Rosenblatt
(1957) shows that generalized least squares (GLS) and ordinary least squares (OLS) esti-
mation of the deterministic components are asymptotically equivalent so that no efficiency
gains are available from employing the former, at least in large samples. In a local-to-unity
setup, however, the situation is different. Phillips and Lee (1996) and Canjels and Watson
(1997) document the reduction in asymptotic variance afforded by GLS estimation while its
implications for forecasting are explored in Stock (1996) and Ng and Vogelsang (2002).

Motivated by these findings, this paper develops a new approach to forecasting a highly
persistent time series that employs feasible generalized least squares (FGLS) estimation of the
deterministic components in conjunction with Mallows model averaging.! Within a local-to-
unity asymptotic framework, we derive analytical expressions for the in-sample asymptotic
mean squared error (AMSE) and one-step ahead mean squared forecast risk (MSFE) of the
proposed estimator and show that the optimal FGLS weights are different from their OLS
counterparts. We also provide theoretical justification for a generalized Mallows averaging
estimator that incorporates lag order uncertainty in the construction of the forecast. Specif-
ically, the generalized Mallows criterion follows from an asymptotic framework where the
coefficients of the lagged differences are modeled as local to zero simultaneously with the
largest autoregressive root being modeled as local to unity. Monte Carlo simulations illus-
trate that the proposed procedure yields considerably lower finite sample forecast risk relative
to OLS averaging, with the improvements being particularly pronounced when the model
includes a deterministic trend. Finally, a comparative out-of-sample forecasting exercise ap-
plied to US macroeconomic time series demonstrates the potential of the advocated method
and finds that both persistence and lag order uncertainty have important implications for
the accuracy of forecasts.

The remainder of the paper is organized as follows. Section 2 presents the model setup
and FGLS estimation procedures. Section 3 introduces our FGLS Mallows model averaging
estimator. Section 4 discusses general Mallow averaging strategies with both OLS and FGLS
estimation. Monte Carlo simulation results and comparisons are provided in section 5.

Section 6 presents the empirical application and section 7 concludes. Proofs of the theorems

'In related work, Liu et al. (2016) propose model averaging based on feasible GLS to account for the
presence of heteroskedastic errors in a standard stationary regression framework.



are provided in Appendix A.

2 Model and Estimation

We consider an observed time series composed of deterministic and stochastic components
as in Hansen (2010):

Yt = My + Uy
my = 6() + Blt + ...+ Bptp

U = oty + o Auy_g + - -+ apAuy_y + e
ac

azl—l—? a=1—-o;—--—a c<0 (1)

where p € {0, 1} is the order of the trend component and the stochastic component u; follows
an autoregressive process of order (k+1) process driven by the innovations e;. The persistence
parameter « is modeled as local to unity with ¢ = 0 corresponding to the unit root case and
¢ < 0 to the stationary case. The true lag order k is assumed known in this section.
Lag order uncertainty will be addressed in section 4. The initial observations are set at

ug, U_1,- - ,u_t, = Op(1)%. Our analysis is based on the following assumptions:

e Assumption A1 The sequence {e;} is a martingale difference sequence with F(e;|e; 1,

€-2,..) = 0 and E(efle1,e-2,.) = 0>

e Assumption A2 All roots of A(L) =1— Zle a; L' lie outside the unit circle.

Assumptions Al and A2 are standard and made in Hansen (2010) thereby allowing com-
parison with his analysis. We denote the optimal (infeasible) mean squared error minimizing
one-step ahead forecast as 1;,1;. It is the conditional mean ;1 given the true parameter

values, namely,
a1 = Myg1 + oy —my) + o (Aye — Amy) + -+ + (A1 — Amyp_pi1) (2)

While p1;44 is unique, its feasible counterpart is not. Estimation of the conditional mean
is associated with two important sources of uncertainty. The first emanates from uncertainty
regarding the nature of persistence given that the parameter ¢ is unknown and cannot be

consistently estimated. Unrestricted estimation (i.e., simple OLS) avoids omitted variable

2The conclusion for the subsequent analysis will not be affected as long as the initial observations are
0,(T1/?).



bias while restricted (¢ = 0) regression offers the possibility to achieve variance reduction.
The local-to-unity parameterization ensures that squared model biases and estimator vari-
ances have the same order of magnitude. In order to optimize the bias-variance tradeoft,
Hansen (2010) proposes averaging the unrestricted and restricted estimators with weights de-
termined according to the Mallows criterion, which is designed to provide an approximately
unbiased estimate of the in-sample AMSE. He derives analytical expressions for the AMSE
and MSFE of unrestricted, restricted, pretest and the Mallows model averaging (MMA) es-
timators and finds they are functions only of ¢, which facilitates graphical comparisons and
provides the evolving patterns of the forecast risk of alternative methods with respect to c.
His theoretical and numerical results support the use of the MMA estimator relative to its
competitors.

A second source of uncertainty results from estimating the deterministic component with
highly persistent errors. Grenander and Rosenblatt (1957) show that OLS and GLS estimates
of the trend component are asymptotically equivalent in the standard stationary framework
(la] < 1, fixed). In the local-to-unity framework, however, Phillips and Lee (1996) and
Canjels and Watson (1997) establish that GLS can be asymptotically more efficient than OLS
with respect to estimation of the trend parameters while Ng and Vogelsang (2002) provide
analytical and simulation evidence comparing OLS with two different FGLS estimators,
namely those based on the Cochrane-Orcutt (CO) and Prais-Winsten (PW) transformations,
and find that FGLS based on the latter transformation generally dominates the others in
terms of forecast accuracy.

Our paper aims to integrate FGLS estimation with Mallows model averaging to investi-
gate if further improvements in forecasting performance can be achieved in the presence of
the two aforementioned sources of uncertainty. Specifically, we propose an averaging strategy
combining unrestricted and restricted FGLS estimators, whose weights are determined by a
Mallows criterion. In what follows, the unrestricted and restricted FGLS estimates of u; are
denoted by ji; and fi;, respectively. We first state how unrestricted FGLS estimation works
for model (1). For brevity, we enumerate the steps only for p = 1, with obvious modifications

in place for p = 0.
1. Estimate by OLS the regression
p=z0"tay 1 toaAy Ayt e, t=k+2,k+3,..,T (3)

where z; = (1,t), 8* = (5§, 57)’. Denote the estimate of « by a.



2. Consider the Prais-Winsten (PW) transformation to quasi-difference y; and z;: for

t=2,3,...T, y:_ =Y — QYs—1, Zt+ = 2zt — Qzp1, with yi’— =y and Zf_ = Z1-
3. Regress quasi-differenced data y™ on z* to get trend estimates: 5 = (z*'27) "1 (z'y ).

4. Construct detrended data u; = y; — z{ﬁ , regress detrended data on its lags:
U = oty + i Al + - -+ Aty + &, t=k+2,...,T (4)
Obtain autoregressive parameter estimates ¢, dq, - - - , Q.

5. Construct the feasible one-step ahead forecast §r 1 = fip41 = 27 +1B + oy — 245) +
a1 (Ayr — AzpB) + -+ + de(Ayr 41 — Azép_kﬂﬁ)-

To obtain the restricted FGLS estimate [i;, the procedure is same as that outlined above
except that we impose @ = 1 in each step.® For p = 0, the restricted FGLS estimate is
identical to the restricted OLS estimate in Hansen (2010) while the two are asymptotically
equivalent for p = 1. The difference in finite samples for the latter case arises from the
difference between one-step estimation (Hansen, 2010) and two-step estimation (detrend
first and then estimate the lag parameters separately). The large sample analysis for the
restricted FGLS estimate thus directly follows from Hansen (2010) and is not repeated here
to save space.

To evaluate the quality of the unrestricted FGLS estimator, we derive expressions for
the in-sample AMSE and one-step ahead MSFE as in Hansen (2010). To this end, define
¢ = limp_o T(é& — 1)/a with ¢® and ¢! denoting the limits in the p = 0 and p = 1 cases,

respectively. Next, define the stochastic process

(€ =) Je(r) for p=0

Upy(e,a,r) = )
(1l —=cr)+ (' —c)P(r) for p=1

where v1[P(.)] is a random variable [stochastic process] depending on a and c. Explicit
expressions for these quantities are provided in Appendix A. We then have the following

result:

Theorem 1 Under Assumptions A1-A2,
[a] (AMSE) my(c,a,p, k) = limp_, %ZL E(i; — m)? = E [fol Up(c,a,r)2d7“] +k =

3The procedures were also implemented using the Roy and Fuller (2001) bias correction. The results were
found to be qualitatively similar and hence not reported. They are available upon request.



my (Ca a7p) + k
[b] im._,_ oo my(c,a,p, k) =1+p+k
[¢] (MSFE) fi(c,a,p, k) =limp_ U%E(ﬂTH — pri1)? = E[Uy(c,a,1)?] + k

Remark 1 Hansen (2010, Theorem 1) shows that the in-sample AMSE of the unconstrained
OLS estimate is 2-+p-+k, while our result shows that in the FGLS case, the in-sample AMSE is
only 14+p+k. This reduction reflects the fact that FGLS effectively eliminates the uncertainty
about the unknown mean. This result thus directly quantifies the improvement from FGLS
forecasting in local-to-unity models. Moreover, Theorem 1 extends Ng and Vogelsang’s (2002)

asymptotic analysis to models with more than one autoregressive lag.

Remark 2 The random process Uy(c,a,.) not only depends on ¢ but also on a (for p =
1). This is different from the OLS case, where the in-sample AMSE of the deterministic
component and the AR(1) component are independent of the short-run dynamics. Thus

my(c,a,p) depends on a for fixred ¢ but becomes independent of a as ¢ — —o0.

With the restricted and unrestricted FGLS estimators in place, the GLS averaging esti-

mator for a given weight vector [w,1 — w], w € [0, 1] is defined as

fir(w) = wity + (1 — w)fiy

Define the stochastic process V,(c,.) as

—cJ.(r or p=20
V(o) = ) (r) for p
—cJ.(r)+W(Q) for p=1
with the associated quantities mg(c, p) [fo (c,r 2dr] , mo1(c,a,p) [fo (¢,a,m)Vp(c, r)dr]

fl(ca &7p) = E[Up(ca a, 1) ]7 fO(Cap) = E[‘/P( Cy ) ]7 f01(07 a7p> = E[Up(c7 a, 1)‘/;;7(07 1)]
The in-sample AMSE and MSFE of the averaging estimator are given in the following

corollary:

Corollary 1 [a] my(c,a,p, k) = limp_ %Zthl Bl (w) — pe)?* = w?mi(e,a,p) + (1 —
w)’mof(e, p) + 2w(l — w)mor(c,a,p) + k

[b] fulc,a,p, k) =limr o Sz E(firi1 (w) — prya)® = w? fie, a,p) + (1 —w)? fo(c, p) +2w(1 —
w) for(c, a,p) + k

[¢] im,_gmoy (¢, a,p) = p



As an alternative strategy, one can perform a pretest to choose between the restricted
and unrestricted forecasts. Stock (1996) and Diebold and Kilian (2000) show that pretesting
is useful for selection of forecasting models while Hansen’s (2010) analysis cautions against
pretesting due to high finite sample forecast risk for an intermediate range of the parameter
(c) space. In the GLS framework, we adopt the Dickey-Fuller GLS (DFY%) t-test proposed
by Elliott et al. (1996) with the lag length selected using the modified Akaike Information
Criterion (M AIC) proposed by Ng and Perron (2001). We denote the pretest estimator
i = 1 (DFCYS < cv,) + iy 1(DFS™S > cv,). The critical values cu, for p = 0,1 are -1.98
and -2.91, respectively. Elliott et al. (1996) show that

DEGES = §(L(1)? = D/(f; JrPdr)? if p=0

DFf™S = §(Ve(L,0 = 1)/(fy Velr,e)?dn)* if p=1

DFS —

where

Vi1, @) = Ju(r) — rA(1) 4 3(1 = \) /0 5J.(5)ds]
A=(1-¢)/(1—-¢c+2/3), c=—T[1(p =0)] —13.5[1(p = 1)]

The in-sample AMSE and one-step MSFE of the DF %L pretest estimator is summarized in

the following corollary:

Corollary 2 [a/my(c,a,p, k) =limy_.o 25 S B —u)? = E [fol Up(c, a,r)?drI(DEZ™S < cuy)
+B [ SV (e, r)2drI(DFGES > cvp)} +k

[b] fo(c,a,p, k) = limp_ U_Z;E</21;+1 - NT+1)2 =F [Up(c, a, 1)2[(DFpGLS < Cvp)} +
E [Vy(¢, 1)) I(DES™S > cuv,)| + k

Figures 1 and 2 present the in-sample AMSE and MSFE of various OLS/GLS estimators
for p = 0 and p = 1, respectively.! These include the FGLS pretest estimator (Pretest-
GLS), unrestricted FGLS estimator (Unres-GLS), FGLS Mallows averaging estimator (GLS-
Ave) and GLS optimal (infeasible) averaging estimator (GLS-Ave-Opt), as well as their
OLS counterparts with corresponding labeling. It is clear that for each type of estimator
(unrestricted, pretest, averaging), FGLS performs better than its OLS counterpart for p =
0, 1 in terms of both in-sample AMSE and MSFE, except for the pretest estimator at values of

4These figures are computed on a grid of 101 evenly-spaced points from —20 to 0 for an AR(1) model
(a = 1). We approximate the limiting distributions by simulating the random variables/processes using
T = 1000. The number of replications is 500,000.



¢ close to 0, where OLS and FGLS are comparable to each other. The relative performance
among different FGLS estimators is similar to that of the OLS estimators as analyzed in
Hansen (2010). Further, while pretesting continues to incur high risk even when employing
the more efficient unit root test, FGLS averaging leads to uniformly lower risk compared to
OLS averaging. Finally, the ranking of the estimators is invariant to whether evaluation is
according to AMSE or MSFE.

3 FGLS Mallows Averaging

The Mallows (1973) criterion was originally designed as an information criterion for the
purpose of model selection which provides an unbiased estimate of the in-sample AMSE. The
seminal work of Hansen (2007, 2008) has spawned a vast literature that employs Mallows
model averaging for estimation and forecasting. The Mallows criteria for the unrestricted

and restricted models based on the FGLS estimates are as follows:

Mo(c,a,p, k) = T5* + 26*(mo:1(c, a,p) + k) (5)
M (c,a,p, k) = Té? + 26%(my(c, a,p) + k) (6)

where 6% and G2 are, respectively, the estimates of o2 from the unrestricted and restricted
models, i.c., 6> =TS (g, — fu)?, 62 =TS (g — i)

As in Hansen (2010), the dependence of My and M; on the unknown parameter ¢ make
them infeasible in practice. Moreover, unlike OLS, the expressions in the FGLS case are now
complicated by dependence on the short-run dynamics through the parameter a. We suggest

obtaining feasible rules by taking limits of these expressions. In particular, we have
My =T + 2&2(111% mo1(c, a,p) + k)

M, = Té* 4 26°%( lim my(c, a,p) + k).

Fortunately, from Theorem 1 and Corollary 1, we can obtain specific values for these criteria
that are independent of a. Specifically, using lim._.o mg; (¢, a,p) = p and lim._,_ o, m1(c, a,p) =

1+ p, we have

My =T6* +25%(p + k) (7)
M, =T&*+26*(1+p+ k) (8)

A Mallows selection estimator is then easily obtained as the rule of picking the unrestricted



model when Fp =T (&2;2&2) > 2. The following result shows that the criteria My(c, a, p, k)
and M;(c,a,p, k) are asymptotically unbiased estimates of the AMSE after normalization

and evaluating the quantities at the limits of c.

Theorem 2 Under Assumptions A1-A2,

... EMy(c,a,p, k) L
M e T igmelen) v
EM k
lim _lim 1<c’2“’p’ ) 7~ tim mi(c,a,p) + k
Cc——00 1 —00 ag c——00

For a given weight vector [w, 1 —w], we construct the Mallows criterion for the averaging

estimator as
My (c) = Te*(w) + 26 [w{mi(c, a,p) + k} + (1 — w){moi(c, a, p) + k}]

, where 62(w) = T3> [yr — ju(w)]?. The feasible version of this criterion, using the

previous results, is

M, = Té*(w) + 26%(w +p + k) (9)

The Mallows selected weight w is derived from minimizing (9) over w € [0,1]. The

solution is
1— 1/FT Zf Fr>1

W =
0 otherwise

The Mallows averaging estimator is then defined as

o - [t if Fr<1
fif =W+ (1 — ) = e , (10)
(1= 5 )t + - otherwise

4 General Mallows Averaging [GMA]

The foregoing analysis assumes that the true lag order %k is known. In practice, lag order
uncertainty needs to be addressed since omitting relevant lags will contribute to misspecifi-
cation bias while including too many lags would lead to variance inflation. The traditional
approach has been to employ model selection rules such as standard information criteria to
choose the number of lags. Hansen (2010) proposes an alternative approach that averages

over different lag orders in addition to averaging over the unit root restriction. In section 4.1,

9



we first provide theoretical justification for Hansen’s general Mallows averaging (GMA) cri-
terion that incorporates both lag order uncertainty and persistence uncertainty. The analysis

is subsequently extended to the FGLS setting in section 4.2.

4.1 GMA for OLS

To obtain Hansen’s (2010) GMA criterion, we adopt a local asymptotic framework which
models the coefficients of the short-run dynamics in a O(7~1/2)-neighborhood around zero in
addition to the O(T~1) local-to-unity parameterization for the persistence parameter o, i.e.,
o = j_f fori=1,...,k where § = (1, ...,0;) is fixed and independent of 7. This particular
rate ensures that the squared bias from omitting relevant lags is of the same order as the
variance from estimating additional lags. In contrast, a fixed specification for the lagged
coefficients would imply that the misspecification bias diverges to infinity with the sample
size. The use of local asymptotic analysis in the frequentist model averaging literature was
pioneered by Hjort and Claeskens (2003).

We consider restricted regression (setting ¢ = 0) and unrestricted regression, each with
[ lags. We include sub-models with [ € {0,1,..., K}, K > k, with the corresponding unre-
stricted and restricted estimates denoted by ji;(I) and ji;(1), respectively.® This gives a total
of 2(K + 1) sub-models. We first analyze the unrestricted regression with [ lags:

=20 +oy1 toAy+ Ay e, t=142,..,T (11)

The feasible forecast is fi,(l) = zgﬁ* + A&yt + O Ay_q + - - -+ 4 Ay,_;. Define the quantities

1 _ .
miie(e,0.p.0) = Jim — % B(fu(l) = ) (ju(K) = )
t=1
1 T
mije(c,0,p.0) = Jim — % B(jiu(l) = ) (i (K) = pu)

The Mallows criteria for restricted and unrestricted OLS estimators are constructed as

Mg"*(c,8,p,1) = TG} + 255m% (¢, 8, p, 1)
M{*(c,8,p,1) = T&} + 255m%(c, 8, p, 1)

>We use the notation ji; to denote both restricted OLS and restricted FGLS estimation, although it must
be borne in mind that they are equivalent in finite samples only for p = 0, while the equivalence holds
asymptotically for p = 1.

10



J

T T

where 62 = T7' Y (v, — j1(4))? j = K and 62 = T7' > (y; — ji(1))®. The following
t=1 t=1

theorem establishes that the criteria Mg and M are asymptotically unbiased estimates

of the AMSE after normalization:

T T
Theorem 3 Letmg™(c.6,p.1) = lim & 3 E(iu(l) )%, mg*(c.8.p,0) = Jim & 3 E(jis(1)-

) =

we)?. Then we have, under Assumptions A1-A2,

EM¢g"(c,d,p,1)
o2
EM"(c,0,p,1)

o2

—T — mi*(c,d,p,1)

—T — m(c,8,p,1)

s s

As shown in the proof of Theorem 3, the quantities mg% and m$% are infeasible as they

depend on c¢. To obtain their feasible versions, we evaluate them at the limits of ¢ which

gives us the following result:
Theorem 4 Under Assumptions AI1-A2,
limm"ls (e, 0,p, ) =p+1

lim mS%(c,d,p,1) =2+ p+1

c——00

The feasible Mallows criteria are then obtained as

M (p,1) = T5% + 26% (p + 1)
MY (p,l) = To7 + 265 (2 +p +1)

Now, the averaging estimator over all 2(K + 1) sub-models can be constructed as

= > (worj(1) + wufis(1)) (12)

where the weights are non-negative and sum to one: wy; > 0, wy > 0, Z{io(wm +wy) = 1.

Hence the feasible Mallows averaging criterion is obtained as
K
M (p, K) = T5*(w) + 265 (D _[wol + wu(2 +1)] + p)
1=0

where 7%(w) = TS0 (e — ¢ (w))?.

11



4.2 GMA for FGLS

We now develop the asymptotics of GMA for FGLS. Let the unrestricted FGLS estimate
from the sub-model with [ lags be denoted ji,(1), I € {0,1,..., K}. Our goal is to combine
the estimates fi,(1) with fi,(1) for each [ and average over all the sub-models. The procedure
for unrestricted FGLS estimation with [ lags is exactly the same as that outlined in section

2. Analogous to the OLS case, define the quantities

gls

T
1 _ N
mig (¢, a,0,p,1) = lim — > " E(fi(1) — pe) (fue(K) — )
t=1

T

mfle(e,a,8,p,0) = Tim 57 B(ill) — ) (fu(K) — )

t=1

The Mallows criteria based on FGLS estimation are constructed as

Mogls(c, a,d,p,1) =T57 + 26§<mgl[§(0, a,d,p,l)
Mfls(c,a,(s,p,l) T6} +20Km*‘{i{§(c,a,5,p, 1)

T

where 62 = T~ 3" (y— fu(j))?, j = I, K. The asymptotic unbiasedness of Mg'* and M{" for
t=1

the AMSE are established in the following result:

T
Theorem 5 Letm$”(c,a,d,p,1) = lim % Z E(fi()—p1)? = mg*(c,8,p,1), m¥(c,a,8,p,1) =

T—o0 7

T
lim % > E(fu(l) — m)*. Then we have, under Assumptions A1-A2,
t=1

T—o0

EMgls(c, a,o,p,l)

. . - _ gls
E%Tlg%o 2 T = hrrém (¢,a,d,p,l)
EM{(c,a,6,p,1
lim Tlim ! (c,2a, 2,1 —T = lim m%(c,a,d,p,l)
cC——00 1 —00 [0} c——00

l
The feasible versions of mg

and m?% are obtained from their respective limits:
Theorem 6 Under Assumptions A1-A2,

hmmolK(c a,0,p,l) =p+1

lim mi’lf‘;(c,a,&,p, =1+p+1

12



The feasible Mallows criteria are then obtained as

M§"(p,1) = T67 + 267(p +1)
M (p,1) = T6? + 262 (14 p+1)

The averaging estimator jif(w) over all 2(K + 1) sub-models is constructed in the same way
as in (12) except that fi(l) replaces ji(l). Hence the feasible Mallows averaging criterion is

obtained as

K
M (p, K) = T6*(w) + 265 (Y lwal + wu(1+1)] + p)
=0

where 62(w) = T~V 30 (g — i (w))>.
5 Monte Carlo Simulations

This section reports the results of a set of Monte Carlo experiments to assess the adequacy
of the asymptotic approximations in finite samples and evaluate the effectiveness of the pro-
posed approach relative to existing methods. To facilitate a direct comparison, we adopt
the same design as Hansen (2010). In particular, the sample size T' € {50,200}, the inno-
vations e; N (0,1), the trend parameters are set at 5y = f; = 0 and the true lag order
k € {0,4,8}. Results are presented for p € {0,1}.

5.1 Forecast Risk with Known Lag Order

The first two experiments assume knowledge of the true order k thereby enabling us to
delineate the effect of persistence uncertainty on the forecasts. With reference to equation
(1), the first data generating process (DGP) sets oy = - -+ = o, = 0, varies ¢ from -20 to 0,
which implies a range for « of [0.6, 1] for 7" = 50 and a range of [0.9, 1] for 7" = 200. For each
parameter configuration, the finite sample forecast risk TE[(ji7,1 — pir+1)?] is calculated for
six estimators: unrestricted FGLS estimator, DF %% pretest estimator and FGLS Mallows
averaging estimator together with their three OLS counterparts. The risk is calculated using
500,000 Monte Carlo replications.

Figures 3a and 3b present the results for the first DGP for p = 0 and p = 1, respectively. It
is clear that FGLS incurs lower risk than OLS for all three types of estimators: unrestricted,
pretest and averaging. This suggests that the efficiency gain of using FGLS not only lies
in the unrestricted case, but is more broadly applicable to the pretesting and averaging
schemes. Moreover, as in the OLS case illustrated by Hansen (2010), the FGLS pretest
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estimator exhibits high risk and the FGLS Mallows averaging estimator uniformly dominates
the unrestricted FGLS estimator for p = 1.5 For p = 0, the superiority of the proposed
estimator over unrestricted FGLS estimation is only discernible for ¢ > —5. In terms of
comparison with OLS model averaging, the risk of the proposed estimator is uniformly
smaller for p = 1 and nearly uniformly smaller for p = 0. Overall, our FGLS Mallows
averaging estimator performs well and displays lowest risk among all estimators for ¢ <
—5 when p = 1.

The second DGP sets a; = —(—0)! for j = 1,...,k and § = 0.6. The results are presented
in Figures 4a and 4b, which exhibit the same overall pattern as observed in Figures 3a and
3b ,respectively, i.e., the FGLS estimators dominate their OLS counterparts, and for a large
range of ¢ values (around ¢ < —3), the FGLS averaging estimator has the smallest forecast

risk among all estimators when the model includes a deterministic trend.

5.2 Forecast Risk with Unknown Lag Order

We next consider the situation where the number of autoregressive lags k& is unknown.
Three types of estimators are compared: (1) the Mallows selection estimator (denoted S-
OLS/FGLS), which selects unrestricted models from AR(1) through AR(K + 1), i.e., [1(0)
through /1,(K); (2) the Mallows averaging estimator (denoted PA-OLS/FGLS, PA abbrevi-
ating partial averaging) that averages over this set of unrestricted models; (3) the general
averaging estimator (denoted GA-OLS/FGLS) which combines all models from {/i;({)} and
{a()} for L € {0,1,..., K}. Again, we set a; = —(—6)’ for j =1,...,k and § = 0.6.

Figures 5a and 5b present the results for the six forecast methods. All three types of FGLS
estimators uniformly dominate their OLS counterparts. The risk reduction is substantial.
Overall, FGLS general averaging achieves uniformly lowest risk among all averaging/selection
strategies when p = 1 and is competitive with the best estimator (which turns out to be
PA-FGLS for an intermediate range of ¢ values when 7" = 200) for each value of ¢ when

p = 0. The results are very similar across all K and T'.

6 Empirical Application

This section undertakes a pseudo out-of-sample forecasting exercise using a set of US macro-

economic time series to (i) evaluate the performance of the proposed approach relative to

6However, this is only observed in simulations; to have a concrete judgment, one might follow Zhang,
Ullah and Zhao (2016) to derive sufficient conditions which involves sample size, the number of parameters
and possibly the persistence parameter.
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OLS-based methods; (ii) assess the relative contribution of persistence uncertainty and lag
order uncertainty in determining the accuracy of forecasts. We employ the FRED-MD
dataset compiled by McCracken and Ng (2016) and maintained/updated at the Federal
Reserve Bank of St. Louis. Our analysis is based on 123 monthly time series over the pe-
riod 1960:02-2018:12." McCracken and Ng (2016) provide a set of seven codes in order to
transform the series to stationarity: (1) no transformation; (2) Ay (3) A%y (4) log(yy);
(5) Alog(y:); (6) A%og(y:); (7) A(y:/y:—1 — 1). In order to ensure that the series fit our
framework that allows for highly persistent time series with/without deterministic trends,
we adopt the following modified codes: (1) no transformation; (2’) ys; (3") Ay; (4) log(yy);
(57) log(ys); (6) Alog(ye); (7°) (y¢/yi—1 — 1). For codes (1’) and (4’), we use the forecasts
from the model with no deterministic trend (p = 0) while for the remainder, we use the
forecasts that allow for a deterministic trend (p = 1). In addition to analyzing the full set
of time series, we also report results for eight core series as in Stock and Watson (2002a).

The out-of sample results are based on a rolling window scheme with an initial estimation
period 1960:02-1969:12 (119 observations) so that the forecast evaluation period is 1970:01-
2018:12 (588 observations). We compare eight different methods in terms of MSFE: (1)
S-GLS: unconstrained FGLS with lag selection using the Mallows criterion; (2) PA-GLS:
partial FGLS Mallows averaging over the number of lags only; (3) GA-GLS: general FGLS
Mallows averaging over the unit root restriction and the number of lags; (4) PT-GLS: the
pretest GLS estimator based on the Dickey-Fuller GLS t-statistic with lag selection using
the MAIC criterion of Ng and Perron (2001); (5)-(8): S-OLS, PA-OLS, GA-OLS, PT-OLS:
the OLS counterparts of methods (1)-(4). The maximum number of allowable lags in each
method is set at K = 12.

Table 1 reports the percentage wins and losses based on MSFE for the 123 series, both
pairwise and overall. In particular, it shows the percentage of the 123 series for which a
method listed in a row outperforms a method listed in a column, as well as all methods

8

(last column).® The results clearly illustrate the overall superior performance of the GLS-

based methods which dominate their OLS versions in about 74% of the series. The GA-GLS

TAs of 2018:12, the dataset consisted of 128 raw series of which 5 series had at least 30 observations
missing and were dropped from the analysis. These are: (1) VXOCLSx (CBOE S&P 100 Volatility Index);
(2) ACOGNOx (Real Value of Manufacturers’ New Orders Consumer Goods Industries deflated by Core
PCE); (3) ANDENOx (Real Value of Manufacturers’ New Orders for Capital Goods: Nondefense Capital
Goods Industries deflated by Core PCE); (4) UMCSENTx (University of Michigan: Consumer Sentiment);
(5) TWEXMMTH (Trade Weighted U.S. Dollar Index: Major Currencies).

8The results for a large number of series can be succinctly summarized in this way as in Boot and
Nibbering (2019).

15



estimator delivers the most accurate forecasts for the majority (about 53%) of the series,
consistent with our theoretical and simulation results. The pairwise comparisons reveal
some interesting patterns. First, comparing GA-GLS with PA-GLS (or GA-OLS with PA-
OLS) indicates that accounting for persistence uncertainty by averaging over the unit root
restriction results in considerable forecasting gains compared to using the unconstrained
FGLS estimator. Second, comparing PA-GLS to S-GLS (or PA-OLS with S-OLS) shows
that accounting for lag order uncertainty by averaging over the number of lags in contrast
to lag selection using an information criterion delivers more accurate forecasts in more than
95% of the series. Third, comparing GA-GLS with GA-OLS (or PA-GLS with PA-OLS)
suggests that trend estimation by FGLS relative to OLS offers a substantial improvement in
forecasting performance. Fourth, in more than 90% of the series, the best forecasting method
involves some kind of averaging, whether over the unit root restriction or the number of lags
or both.

To further understand the performance of the different methods for various types of
series, Figures 6 and 7 plot the MSFE according to the eight groups defined in McCracken
and Ng (2016): (1) output and income; (2) labor market; (3) housing; (4) consumption,
orders, and inventories; (5) money and credits; (6) interest and exchange rates; (7) prices;
(8) stock market. Figure 6 shows that most of the improvements offered by FGLS relative
to OLS are concentrated in groups 2,4,6,7. The top panel of Figure 7 compares GA-GLS
to PA-GLS to identify those groups most sensitive to the unit root restriction. The plot
indicates that the advantage of the former over the latter is discernible primarily for the
series in groups 1,2,7,8. The bottom panel of Figure 7 compares PA-GLS with S-GLS in an
attempt to uncover the types of series most susceptible to lag order uncertainty. Averaging
over the number of lags as opposed to lag selection is found to be the dominant approach
mainly for all series in group 8, 85% of the series in group 7 and 57% of the series in group 4
with improvements in at least some series in each of the other groups. Our analysis therefore
suggests that addressing both sources of uncertainty through model averaging can be helpful
in generating reliable forecasts.

Finally, we consider the relative predictive ability of the methods with respect to the eight
core series analyzed in Stock and Watson (2002a): four real variables (industrial production,
real personal income less transfers, real manufacturing and trade sales, number of employees
on nonagricultural payrolls) and four price indices (the consumer price index, the personal
consumption expenditure implicit price deflator, the consumer price index less food and

energy, the producer price index for finished goods). Table 2 reports the MSFE of the

16



eight different methods relative to that of the OLS estimator using twelve autoregressive
lags of the first differences of the variable. Hence, a number less than one indicates a lower
MSFE relative to the OLS benchmark and vice-versa. The best method for a given series is
highlighted in bold. The GA-GLS estimator turns out to be the best method in seven out of
the eight series, the exception being nonagricultural employment for which S-GLS dominates
the other methods. These results further confirm the effectiveness of the proposed approach

when forecasting US macroeconomic time series.

7 Conclusion

This paper is concerned with developing a new forecast combination approach for highly per-
sistent univariate autoregressions which entails a feasible generalized least squares Mallows
averaging estimator that combines the unrestricted and restricted estimators. Our contribu-
tions are three-fold. First, we derive analytical results for the in-sample AMSE and MSFE
of the proposed estimator and show that the optimal averaging weights are different from
the OLS weights studied in Hansen (2010). Second, our analysis fills a gap in the literature
in terms of providing a theoretical basis for the generalized mallows averaging estimator by
modeling the coefficients of the short-run dynamics as local to zero. Third, our simulation
and empirical results indicate that the proposed approach yields considerable improvement
over existing univariate methods in terms of finite sample forecast risk which should be
appealing to practitioners. The new procedure can also potentially serve as a useful uni-
variate benchmark for evaluating forecasts based on exploiting information in large datasets
(e.g., the diffusion index methodology of Stock and Watson, 2002a,b). In terms of future
research, our analysis assumes homoskedastic innovations so an interesting extension would
be to the heteroskedastic case which would involve adapting the jackknife method of Hansen
and Racine (2012) to the present context. It would also be useful to extend the theory to

multi-step ahead forecasts using a cross-validation based criterion to select the weights.
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Table 1: Percentage wins/losses of different forecasting methods

Method S-GLS PA-GLS GA-GLS PT-GLS S-OLS PA-OLS GA-OLS PT-OLS ALL
S-GLS 3.25 4.88 45.53 80.49 27.64 18.70 43.90 2.44
PA-GLS  96.75 21.14 83.74 95.12 85.37 52.03 81.30 13.01
GA-GLS  95.12 78.86 93.50 100.00 92.68 73.98 93.50 53.66
PT-GLS  54.47 16.26 6.50 77.24 42.28 21.95 50.41 4.88
S-OLS 19.51 4.88 0.00 22.76 4.88 0.81 23.58 0.00
PA-OLS  72.36 14.63 7.32 57.72 95.12 6.50 59.35 0.81
GA-OLS  81.30 47.97 26.02 78.05 99.19 93.50 78.05 23.58
PT-OLS  56.10 18.70 6.50 49.59 76.42 40.65 21.95 1.63

Note: this table shows the percentage of the 123 series for which a method listed in a row outperforms a
method in a column, include the other all in the last column.

Table 2: Relative MSFE of eight core macroeconomic time series

Industrial  Personal Mfg & trade Nonag. Consumption CPI
. . CPI PPI

production  income sales employment deflator exc. food
S-GLS .962** .989 .981 .915%** 973 995 976 .983
PA-GLS .961** .958* 967 .919%* .958 957+ .958* .942**
GA-GLS .960** .950** .963** .921%** .952* .951** .955** .936**
PT-GLS 974 .986 974 .922%** .986 .982 973 979
S-OLS .981 995 .999 .946*** 979 1.005 .990 1.009
PA-OLS 972%* .960 .983 .954*** .964 961 .961* .948**
GA-OLS .965%* .954* 968 .946*** .955% 955 957 .942%*
PT-OLS .960** .983 .965** .931*** .980 993 .985 1.007

Note: *denotes 10%, **denotes 5%, and ***denotes 1% significance level for a two-sided Diebold and

Mariano (1995) test. The benchmark is an unrestricted OLS estimation method with 12 lags.
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Appendix A: Proofs

Let W (.) denote a standard Brownian motion on [0, 1] and define the diffusion process:
dJ.(r ) = cJ ( )+ dW( ). Define the demeaned and detrended versions of J.(.) as follows:
J(r) fo s)ds, J.(r) = J.(r) — (4 — 67) fo (s)ds — (12r — 6) fo sJ.(s)ds. Let
B = (50, 5 )', (1 t) For brevity, all proofs are prov1ded only for the case p = 1. The
proofs for p = O follow analogous arguments. We first state two lemmas that will be useful
in developing the proofs of the results.

Lemma A.1 Let " and ~denote the first stage and the second stage estimates of parameters

in the unrestricted FGLS procedure. Under Assumptions A1-A2, as T — oo, we have
Jo JedW (r)

— orp=1
(a) T(& — ) 4, Jo T dr forp
Jo JedW(r) _0
[l Jldr forp=

NI

2B, —B) Saty,  forp=1
S

U(BO—BO)iO for p=0,1
where ~, = (1 — ac + 3(ac)?) ™ fol(l — acs)dW (s), dW (s) = dW (s) — (a¢ — ¢)Ju(s)ds.

(b)

N

1 a 'P(r orp=1
atJ.(r)  forp=0
where P(r) = J.(r) — ;7.

fo P(r)dw (r)+v, fo (er—=1)P(r)dr

forp=1
- d fo (r)2dr
(d) T(é& —a) — af" JedW (1) for p=0
Jy J2dr p=

(6) Z2(y — - g — ) S R N(0,Q7Y). Q=EB(LLY). L= (Auyq,--,Auyy)

Lemma A.2 Under Assumptions A1-A2, as ¢ — —oo, we have
(a) lim._, o E[fo1 crdo(r)dr])? = %

(b) lim._,_ E[fo1 crd.(r)dr fol rdW(r)] = —%
(c)lim. ., E[y? fol (cr — 1)2dr] =1

(d) lim._,_, E[(¢ — ¢) fo r)2dr] =1

(e) lim, . o, E[y,(¢ fo cr —1)P(r)dr] =0



upp, d _
Proof of Lemma A.1: (a) From Lemma 1 of Hansen (1995), we have ~UZ = a™!J.(r).

Denoting 7; as the residual from regressing y; on z;, it follows that y[\T}] KR a‘lj;(r). By
Frisch-Waugh-Lovell theorem and the independence of the estimates between the nonsta-
tionary and stationary components, we have

T ~ 2 1,17 175
T J.dW J.dW
Z;:l,iy;et/ + Op(l) i} g-a fo . (T) _ CLfO — (T)
2= Ui/ T? o%a=? fy J2dr Jo Je dr

T(&—a) = (A1)

(b) Denote the quasi-differenced error v, = wu; — duy_ 1, we have Uy = w; — qui_q =

(ug — aug—q1) — (& — a)ug—y. We first derive the limit of f ZyTl 0;. Denoting g(L) =

arL + ... + o LF, we have

wy —aupy = g(L)(ug —ug—r) + e = g(L)(uy — qwp—y + oy —uy_1) + ¢
= (1—g(L)"g(L) (@ = Dupr + (1= g(L)) ey
By the Beveridge-Nelson decomposition,
1 [rT] 1 [rT]
_TZ@t \/_Zut—autl—(a—oz)ut 1]
— o

[rT] [rT] [rT]

- ﬁ{(l —g(1) " g(1) (= 1) tzlutl + (1 —g(1))! tzl e — (a0 — a) tzlutl} + 0,(1)

4 at x (1—a)xacxa? /OT Jo(s)ds +a 'W(r) — (¢ — c)/o Je(s)ds

=a W (r) — (ac —c) /OT Jo(s)ds] :== a W (r) (A.2)

From Theorem 5(b) in Canjels and Watson (1997),

VT 5y TS e —aig)
) = e o)
A (1 —ac+ %(aé)Q)_l/O (1-— ac's)dW(s) =aty, (A.3)

where vy, = (1 — aé¢ + 3(ac)?)™ fol(l — acs)dW (s), dW (s) = dW (s) — (a¢ — ¢)J.(s)ds. The
second result in (b) can be shown by a simple algebraic exercise using results from Canjels
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and Watson (1997) and is hence omitted.

(c) We have
1 . 1 .
ST T = ﬁ(y[rT] — Bo — B1[rT])
.. T . rT
= ﬁu[rﬂ - ﬁ(ﬁo = Bo) — g(m - ﬁl)[_T]
<, a'J(r) —0—a "ty =a N (Jr) —yyr) == a T P(r) (A.4)

(d) Note that 4, = wu, — (5"0 — By) — (B1 — B, Aty = Aug — (B, — B1). Defining

B = (Bo, 1), the effective error is

& = e — (up — ) + oy — Upor) + a1 (Aup—q — Aly—q) + - - + o (Duy—p — Aliy—y,)

=€ — Z{g(ﬁ —B)+ (1 + %)471(3 - B)+ al(ﬁ& —B1) -+ Oék(ﬁn1 —f1)
. t—1 .

= e+ 5By = o) + (e — DalFs - By) (A.5)

which gives

T
_ S e /T + 30, 0% (B — Bo) /T + X, tu(Fre — Da(B, — 8,)/T
S /T2
g o2at fol P(r)dW(r) + 0+ o2a 1y, fol(cr — 1)P(r)dr
- o2a2 fol P(r)2dr
Jol Pr)dW (r) + 7, [i (er = 1)P(r)dr

=q A6
fol P(r)2dr (4.6)

thereby proving (d).

(e) From (d), Aty = Auy + O,(T7V?) so that Ly = L, + O,(T~'/?). Recalling the
independence of the estimates between the nonstationary and stationary components, we
have

>

oLy) 7N

1 T
Liey) + 0,(1
SV 2 L)+ o)

L) (== 30 L) +0,(1)



where Q = F(L;L;). A
Proof of Lemma A.2: (a) We have J.(r) = [; e“"=*)dW(s). It follows that
Cgr_nooE[/lch( )dr QZCEmOOE/ cr/ =) qW (s)dr)?
= lim E/ / cre" = drdW (s)]? = lim E[/ (1 - i) e(1-s) —8+%)dW(s)]2
T 0

) -1 1 1 1.1 1 1
= Jim (1= D g - =g (4.8)
(b) Similar to (a), we have
1 1
lim E[/ chc(r)dr/ rdW(r)] = lim E/ cr/ =) qW (s dr/ rdW(r)]
C——00 0 0 c——00
' 1 1 1
= lim E[/ (1= =)ect=) — )dW( )/ rdW(r)] = lim ((1 — 2)e) — s 4 “)sds
c——00 0 C 0 c——00 0 C C
1.1 e —1 1 1 1
Jim [(1—=)=( -3 3l="3 (A.9)

Jo JedW (r)
fol :]VC dr

1
<f01 Jc2> fol J. AW (r) = O,(|¢|/?). Using techniques of Phillips (2014), we can easily verify

(c) From lemma A.1 (a) we know ¢ — ¢ = . As ¢ — —oo, Phillips (1987) shows

-1 g~
this result also applies for the trend case, i.e., ¢ — ¢ = (fol Jf) fol JAW (r) = Op(|c|*/?),
which implies ¢/c = 1 + O,(|c|~*/?). Then it follows that

C——00 CcC——0Q

lim Em/o (cr — 1)2dr] = lim (éCQ—c+1)E[(1—aé+%(aé)Q)_l/O (1 — acs)dii(s))?

C——00

— lim (%02—c+1)E[(1—ac’+%(ac’)2)_1/o (1—ac’s)dW(s)—/0 (1 aés)(aé — ¢)Ju(s)ds]?

C——00

— lim %CQ3QC4E[a202(/O de(s)+/0 (1 —a)e.(s)ds)]> + O(|c| /%)

C——00

1 1

= lim 3a_2E[(/ sdW (s) +/ (1 —a)cd.(s)ds))? (A.10)
0 0

With results (a) and (b) in hand, we have

lim 3a 2E|( /O sdW (s) + /O (1 —a)et.(s)ds)]?

C——00

~ lim_ 3a‘2E[(/01 sdW (s))? + (/01(1 — a)edu(s)ds)? + 2 /O1 sdW (s) /01(1 ~ a)edu(s)ds]?

1 1 1
= 3a*2[§ + 5(1 —a)’>-2(1—a)=

J=1 (A.11)



(d) From the proof of Lemma A.2 (c ), we know v, = O,(|c|” 1). Phillips (2014) shows as
c — —00, fol Je(r)dr = Opy(|e|™h) fo rde(r)dr = Opy(|c|™) fo = O,(|c|7Y?).
Recalling P(r) = J.(r) — v;r, it is easy to show fo )dW( ) | /2y, fo cr —
1)P(r)dr = Op(l). Then it follows 7, fol(cr — 1)P(r)dr = Op(\c|_1), Wthh is of smaller
order than fo (r)dW (r ) From Phillips (1987), as ¢ — —oo, (—2¢) fol Jo(r)2dr 5 1,
(—2¢)"12 [} T, dW( ) % N(0,1). It is easy to show that the two limits hold when .J(r)

1/2
is replaced with P(r). Thus, (fo 2dr> fol P(r)dW(r) 5 N(0,1) as ¢ — —oo. Then

we have

lim E[((¢ — c)? /0 P(r)2dr] = lim

C——00

o Uy P (r) mfol (cr = )P(r)dr)’ / 1P<r>2dr]
(o P(r)dr) '

f}%mmyg)P+ou):1 (A.12)

0
em=oo ([ P(r)2dr)!/2

(e) Using the results stated in the foregoing parts, it follows lim. ., o E[y,(¢ — ¢ fo cr —
1) P(r)dr] = lim,_._oo E[O,(|c|™)O0p(|c|/2)0,(1)] = lim,_._o O(Jc| /%) = 0.

Proof of Theorem 1: (a) The forecast error can be expressed as

Tz 7%(A
76[@] Ty iy :u[rT})
ac TY? .. T, . /9~
= —T 2@y — upr) + —(By — B1) + — (@ — )T~ Ty
g ag g
k k
T1/2 T1/2
lAT Z_A’I‘ —1 z_ iAAr —1
4-2; ——ai( Al UprT)— )4-22 —— (@i — ;) Ay
ac N TY? . T
= —T 2@y — upr) + a——(By — B1) + —(& — a) Ty,
g g g
k
T1/2 R
+ (al - Oéi)Au[TT}_Z
=1 o
= Apr) + Bpery (A.13)
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since AU — Aupr—; = 1 — 51 We have

T2 . T . N
(By = By) + = (& — )Tty
o (0}

KR ac(a *P(r) —a ' J.(r)) + aa 'y, + a(é — c)a  P(r)
= ¢(P(r) — Jo(r)) + 7, + (¢ — &) P(r)
= (L= er) £ (= P(r) 2 Uile,a.r)

ac N
Apry = T (yr) = wpn) +a

Byry =Y — (@ — @) Aliyr) i = —R Ly (A.14)
=1

T T
U ]_ o) oy /
TIE};OT;BE = lim R (T;LtLt)RH R QR ~ y?
1 I
Jim ;AtBt =0 (A.15)
For in-sample AMSE:
1 7
ml(cu a,l, k) = jllj};o FE;(ZL\I: - /‘Lt)2
L I
1
=F l/ Ul(c,a,r)2dr} +k (A.16)
0

(b) As ¢ — —o0,

lim B { /O 1 Ul(c,a,r)Zdr}
~ lim E Uol (1= er) + (6 — C)P(T)}er}

— lim_ B /0 (er — 1)2dr] + E[(¢ — ¢)? /0 P(r)2dr] + 2]y, (¢ — 0) /O (cr — 1) P(r)dr]
=14+14+2-0=2 [By Lemma A.2] (A.17)



Then, as ¢ — —o0, (A.16) equals 2 + k.
(c) For MSFE:

T
file,a,1,k) = Tlggo ;E(NT-H - MT+1>2

= jll_r)lgo E(A% + Biyy + 2Ar41Brya)

= E[U:(¢,a,1)*| + E(R (Lyy1 Ly, )R) +0
= E[Ui(c,a,1)*] + k (A.18)

since B(R (Lysy L )R) = tr [E(iTﬂi’T“RR’)] — E(RQR)=k. A

Proof of Corollary 1: (a) First, note that the expression for Vi (c, r) is derived from Hansen
(2010) by transforming vector stochastic integrals to explicit Brownian motion processes.
Following Lemma A.1 and Theorem 1 we have the restricted FGLS estimator as V7 (c, ) =
Jc( ) — ¢Jo(r), the same as Hansen’s (2010) restricted OLS estimator (note that J.(1) =
c fo o(r)dr + W(1)). So we simply drop the superscript gls to save notation. Using the
definition of Vi(c,r), we have myg(c, 1) fo Vile,r)’dr] + k, fo(e,1) = E[Vi(e,1)?] + k.
For the averaging estimator, it follows that

my(c, a, 1, k)

w’E {Z(/:Lt - Nt)z} +(1-w)’E {Z(ﬁt - :ut)2} +2w(l —w)E {Z(/:Lt — 1) (B — ,ut)}]

t=1

—w [ /Ulcar) dr+k} l / dr—l—k]+2w(1—w) [E/OlUl(qa,r)Vl(c,r)dr

= w?my(c,a,1) + (1 —w)*mo(c, 1) + 2w(l — w)mei(c,a,1) + k

(b) The MSFE f,(c, a, 1, k) of the averaging estimator can be derived in a manner similar
to that in (a) and is hence omitted.
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(c) We have

1
lll%mm(c a, 1) = hmE/ Ui(eya,m)Vi(e,r)dr
0

c—0

i B /0 (1= er) + (6 — OPEIIV() — e(r)]dr

= lim E[y,W(1)] + lim E {(a /0 P(r)dr)W(l)] (A.19)
=140=1

The first term in (A.19) is E[E{y, W (1)|Jo(.)}] = E[(1—aé-+1(a¢)®) " (1—ac) E[W (1)?|Jo(.)]+
(ac¢)?/3}] = 1 since E[W ( )|Jo(.)] = 0. That the second term is zero follows from the facts
that ¢ = 2f0 (r)2dr]='[P(1)? — 1], E[P(r)W(1)] = 0, r € [0,1] and the law of iterated

expectations. A

Proof of Corollary 2: The proof is straightforward following the proof of Corollary 1 and
is hence omitted.

Proof of Theorem 2: We have
My(c,a,1,k) — To?

lim F 5
T—o0 o
1 & 1 & 252 2 &
2 2 ~
Th_rgoE[ag ;(et —o°)+ ;;(Mt — )+ —(m01(c a,1)+ k) — ;;et
T
=0+ mg(c,1) + k+ 2(mo1(c,a, 1) + k) —jllm E Zet (A.20)
o t=1
The last term is -2 times
1 & 1
Jim B~ 5 ey — ) =E / [—cJo(r) + W (1)]dW (r) + Ex} (A.21)
e t=1 0

As ¢ — 0, we have Efol[—cjc(r) + W(1)]dW (r) — EW(1)? = 1, so the last term amounts
to -2 times lim._o[mo1(c, a, 1) + k] so that the limit of (A.20) is hmc_,o[mo(c 1) + k.
For the unrestricted case,

Mi(c,a,1,k) — To?

lim F
T—o0 0’2
1 « 1 252 2 —
:TIEI;OE[EZ(G?_U2>+§Z<ﬂt_'ut)2+ (mi(c,a,1) + k) —;Zet
t=1 t=1 t=1
9 T
=0+mi(c;0,1) +k+2(ma(c,a,1) + k) = lim F— > iy — ) (A.22)
t=1
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The last term is -2 times
T

Jim B> el = ) =B [ bn(1=en)+ = POaW() + Bxp - (A23)

t=1

Using Lemma A.2, we have

lim E /0 2 (1= er)dW(r) = Tim E[(l—ac’+é(ac’)2)_1 /0 (1= aés)dIi (s) /0 (1= er)dW (r)]

ZCEIPOOE[(1—CL¢+%(@¢)2)—1(/O (1—aés)dW(s)/0 (1= er)d W (r)

+/0 (1—ac's)(c—aé)ds/0 (1= er)dW (r))] —3&2%@—%@(1_@))—1 (A.24)
e RPOAVeY

tim B [ (= PO = lim_ | oy o =1 (A.25)

0
Substituting (A.24) and (A.25) in (A.23) establishes that the limit of (A.22) equals lim,, o [m1(c, a, 1)+
k]. A

Proof of Theorem 3: To prove this result, we need to derive the explicit forms of m$% and

mgs. We first consider the case where | < k. Let H; = (Ay;_1, ., Ay,_g) and for i < 7,
Hijie = (Ayi—, .., Ayt,j)', ajij) = (@ ey aj)’. Let x; = (t,y;—1)". Define the orthogonalized
series H/[x}] as the residuals from regressing H;[x;] on a constant. Let

Y — E(H:H:I) _ Ell[zw] 212[1><(K—l)]
D2ty D20 (K x K]
For unrestricted estimation, we reformulate the regression as
Ay, = 0o + 2} 01 + Hfy o + € (A.26)
where the effective error is € = H, [’;;M]’ta[lﬂ,k} +e;, with H [”; il defined analogously to Hj; j -
6y and @, are functions of the true parameters; specifically, 6; = (—3,(a —1),a —1)". From
this regression, it follows that

T
o 1 * */ — * *
T1/2(04[1,l] - Oé[l,l]) = (f Z H[l,l],tH[l,l],t) 1(_ Z H[l,l},tet) + Op(l)
t=1

T T
1 * *! — %
- (T Z H[l,l],tH[l,l],t) 1( T Z H[l,l],tet)
t=1

!

T T
1 * %! — * *
+ (f Z H[l,l},tH[l,lLt) 1(_ Z H[l,Z],tH[lJrl,k},t@[l+1,k]) + Op(l)
t=1

o N(0,0%%1)) + 21 Siaq 41 k) (A.27)
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/

. ! ’ .
with a1 k] = (041, - Ok, Qg ooy ), Where (g1, ..., ax) = (0,...,0) . We can write

1,(1) = 11, = (80 — 00) + 7 (61 — 61) + HE (G — o) — Hiy g 01 (A.28)

We now calculate the cross product of the misspecified unrestricted estimator with the es-

oK K
timator from the largest unrestricted model. Denoting 6, , 0, , 54{1{7”, and &ﬁil,m as the
estimates from the largest model, we have:

o v K « v K ! o « o
[ () —py = (0 —00)+xy (0, _91>+H[1,l],t(a[lil]_O‘[l,l]>+H[l+1,K},t(O‘[Il(+1,K]_Oé[l-‘rl,K}) (A.29)

o u ! / o K/ / 1 d _ %
(H[ v - H[*1 0. o) H* = (H},, ...,H*) For m"ls (e, 9, 1, l), we calculate

T
(e, 6,1,0) = ELJim 3 S™(i(D) = i) () — )
t=1
— Bllim (B — 00) By — 60) + — (B, — 6) tha:t _ )
T—oo O
1 d ,
+ —2(04[”] —apny) ZHll]tH[ll]t< &g — )

N

1, , R )
+ 5@y — o) Y Hig Hi w00,k — k)
t=1

T
1 12 % */ o

- ;a[lﬂ,k] Z H[lJrl,k},tH[l,l],t(a[[l(,l] - 0‘[171])
t=1

T

1 ’ * % o
. ;a[lﬂ,k] Z H[l+1,k],tH[l+l,K],t(a[ll(+1,K} — apt1,k]) + 0p(1)]
t=1

T
. 1 o ’ % w v
=1+ E(F) + B lim [~ (8 — o) > Hfy HE (G g — op)

T

1 / % ! 7y

- ;a[l—&-l,k] Z H[l-i—l,k},th (Oéﬁ,K] - a[l,K])]
t=1

(Fie) + 1+ lim tr(Hpy (Hjy g Hiy )™ Hi g B (HTH) ™) 40

E
E(Fi)+ 141 (A.30)

where Fj. = limT_,ooU—lz(él —6,) Zt L TiTy ( —0)) = 0,(1) with B(F},) % 2, as ¢ —
—00.[see equations (15) and (36) in Hansen, 2010]. The last two equalities in (A.30) hold

A-10



since
1 a 1 d
ETI'EI;O[U (G — o) ZHU 01 (G g — o) — _a[l+1 K] ZHl-i-lk H; (6 g — i)

TIEEOE ZH[“ t€t) ZH[u]tH[ult 1ZHf‘uLtHf(ZHt*Hf/)_IZert
t=1 t=1 t=1
T T T T
Th_{go o2 ;Hu 1, tH[l+1 k)t X[l+1,k] (;Hﬁ,l],tHﬁ,l},t)lgﬂﬁ,u,tﬂf (tZ H:Hf)flefet

T
~ lim —al+1k ZHZH ey ZH*H* Y Hye+ 0,(1)]

— lim tr(H[l’H(H[L”H[M]) 1H[17Z]H*(H* HY'H*)4+0-0

T—o0
— (A.31)

using the properties of a projection matrix. Hence (A.30) reduces to 2+ 141 as ¢ — —oc.
For the restricted model, we can write

— ~ «f — ac
T (1) = py = (00 — 00) + Hf, y (G — o) — Hif oy g ol — T Y (A.32)
Then we calculate
A
mig(c,8,1,1) = Ejlgrolo ) Z(ﬁt(l) — ko) (A (K) — 1)
t=1

. T ~ 19K ac d * « 7K
= B lim [— (6o — 0o) (0y —6o) — To? Zyt 127 (0 —6h)

5 _
T—oo O T —
1 T
+ ;(a[l,l] - a[l,l]) Z Hrl,l},tHrl,l},t(a[ll(,l] - 0‘[171})
t=1
1 T
+ ﬁ( (L] — o, l] ZH[ll H[z+1 K], (@ [[1(+1 K] — Qi+1, K])
t=1
Qf141,k) Z Hf?+1,k],tHfi,Z],t(a{1{,Z] - O‘[Ll])
t=1
1 . o N
2 A[I+1,4] Z H[H—l,k],tH[l—&-l,K},t(O‘[Il(-‘rl,K] - O‘[HLK]) + Op(l)]
t=1

where Foi = limp o — 7z ST yt*_le(éf —6,) = O,(1). Tt follows Fyy. 2> 0 as ¢ — 0. So
(A.33) reduces to 1 + 1 as ¢ — 0.
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We next consider the case where [ > k, and show the results for m$% and mg% remain
the same. For unrestricted estimation, similar to (A.26), we reformulate the regression as

Ay =00+ a7 01 + Hfy oy + € (A.34)
The effective error is € = _ka/ﬂ,l],ta[k“vl] + e;, where apy = (aq, ..., , g, ...ozl)/ are the
parameters corresponding to the selected lags and api1y = (g1, ...,ozl)' are the para-

meters corresponding to the over-specified lags. Note that the true parameters o1 =
(Qkt1y -y cq) = (0,...,0)". In this regression, it follows that 7%/ (ép g —ap ) — N(0,0257),
which is different from (A.27). Nevertheless, the subsequent calculations are exactly the
same as in (A.30 — A.31), so the result remains the same. The same conclusion applies to
the restricted counterpart.

Now we prove the unbiasedness property. We elaborate on the steps to prove the result
for the case [ < k, with similar steps applicable to the case [ > k with the same conclusion.
Firstly, for the restricted case

Mg'(c,5,1,1) — T

FE lim 5
T—o0 g
1 « 1 « 25 2 «
= B Jim [ S~ 0) 4 5 S0 — )+ o (e, 1,0) — 2 S eulil) — )
t=1 t=1 t=1
=0+ md*(c,8,1,1) + 2mg(c,6,1,1) — ETlgrolo - Zet 1y (1 (A.35)
The last term is -2 times
L I
ETlim — Z e (i (1) — pe)
I
T ac
= Ejllfolo[a_ Z et(0o — o) — To? Z CtYi—1
1 t=1
1 o 1 .
+ o2 Z etH[l,l],t(O‘[lyl] — o) — 52 etH[l+1,k},ta[l+l,k]]
t=1 t=1
1 — 1
=1+ E(Fo.) + E Jim ;[Z e Hy 4 ZHD e Hi) 1(TH[*1,I],15€15)] +0
t=1
=1+ E(Fp.) +1 (A.36)
which is mgis(c, §, 1,1). Note that here we have — Tz 31 eyr 4 A Foie. To show — 75 tTl eyr 4

oK
Ty STy xf (0, — 6,) follow the same limit Fy,, notice that y , = Sz}, where
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S =1[0,1]. We have

t=1 t=1
we I T T T
= 7151010 T_ﬂ[z Sxix} Z(:ﬁxf ) thet - ZS@@,:]
t=1 t=1 t=1 t=1
ac a d
:%LIEOT—ﬂ[S;mZet—S;x:et]:O (A.37)

Then, adding the terms in (A.35) yields the final result mg*(c, d,1,1).
For the unrestricted case,

M¢'(e,6,1,1) — To?

FE lim
T—o0 0'2
1 « 1 « L2 52 2 o
= ETIE};O[; Z( ;Z ji (1) = p)? (m(flfs'((ca d,1,1)) — ﬁzet(ﬂt(o = 144)]
t=1 t=1 t=1
T
=0+ m9(c,0,1,1) + 2m%(c,0,1,1) — E li 2 i1, (1 (A.38)
+my (C ) 7)+ m (Ca ) 7)_ Tﬂoagget(ﬂt()_ut) :
The last term is -2 times
1 T
E%Egogtz_;@t(ﬁ (1) = )
1 « 1 «
:Ejll_I,EO_QZGt 80—90 ﬁ €t$t 01—91
t=1 t=1
1 A 1
+ ) Z etH[l,l],t(a[l,l] — Q) — 52 Z e l+1 K]t L1, K]
t=1

which is m¢%(c,6,1,1). Hence, adding the terms in (A.38), we obtain the final result
ms(e, 0,1, l)

Proof of Theorem 4: This result is proved in Theorem 3; see (A.30-A.33).

Proof of Theorem 5: We follow the steps as in the proof of Theorem 3. First we derive
the explicit forms of m?% and mgy. For I < k (the misspecified case), Lemma A.1 (a)-(d)
still holds, and compared to (e) of Lemma A.1 now we have

T2 (G — apy) 2 N(0,02Q1) + Qi Quaap 1.k (A.40)
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where
Q — E(LtL;) — Qll[lxl] QIQ[lx(K—l)]
Qo nxrr @220y
For any i < j, define Ly j1; = (Auy—, ..., Aut_j)/. Following the steps in proving Theorem 1,
the forecast error from the misspecified FGLS model can be expressed as

T3 T3
75[@} = 7@[@] - M[TT])
= Apq) + By + Cpp (A.41)
where Aj,7] is defined as in (A.14) and

l
. T1/2 B R T1/2 ) s
Bz = Y —— (6 — i) Aliyr i = —— (G — o) Ly pry

=1 g
K
T1/2 T1/2 ,
Cpry = — Z TO%’A“[TTH = _Ta[l+1,K]L[l+1,K],[rT] (A.42)
i=l+1

Following the results of Theorem 1, Corollary 1 and proof of Theorem 3, the cross products
mds(c,a,6,1,1), mglj;(c, a,d,1,1) can be easily derived:

lim m?%(c,a,8,1,1) =14+ 141

lim m%%(c,a,8,1,1) =1+1 A.43
0K

c—0

which also hold for [ > k. The subsequent unbiasedness property can be established in a
manner similar to the proof of Theorem 3 and is hence omitted.A

Proof of Theorem 6: This result is proved in Theorem 5.
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