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Users who have an ad-blocker installed present a genuine predicament for a website (a.k.a. publisher): On
the one hand, these users do not generate revenue for the website; on the other hand, denying them access
can shrink the user base and adversely affect the popularity of the website, ultimately reducing traffic over
the long run. This has led some websites to require that ad-block users “white-list” them for obtaining access
to an “ad-light” experience.
We model the decision problem for a website facing two user segments: regular users and ad-block users.
The first-level decision or gating strategy is whether to allow ad-free access to ad-block users or require them
to white-list the website for gaining access. When ad-block users are allowed ad-free access, the second-level
decision is the level of advertising (or ad intensity) for regular users. When ad-block users are required to
white-list, the second-level decisions are the ad-intensities for regular users and ad-block users. The net utility
of a user from visiting the website depends on the intrinsic value of the website’s content, the value obtained
due to network effects driven by the amount of traffic/popularity of the website, and the cost incurred due to
the presence of ads. We derive an optimal gating and ad-intensity strategy for the website and also solve an
identical model for a world without ad-block software. We show that the website can increase its revenue by
discriminating between regular and ad-block users via the ad-intensities shown to them. More interestingly,
we find that the discriminatory power bestowed on the website by ad-blockers can also benefit its users when
their outside option is not very attractive. Thus, the advent of ad-blockers can lead to a win-win for both
the website and its users. Finally, we propose a superior selective-gating strategy in which only a fraction
of ad-block users are gated. Our analysis ends with recommendations for three stakeholders in this problem,
namely, publishers, web-browser developers, and policy makers.
Key words : Ad-Blocking, Web Advertising, Rational Expectations Equilibrium, Revenue Maximization

1.

Introduction

Online advertisements have been pivotal in keeping the internet largely free of cost for users. Many
websites – small and large – rely solely on advertising revenue for their survival. While it is a lifeline
for a free internet, online advertising has been widely criticized for deteriorating consumer experience
by displaying an excessive amount of irrelevant ads to users (Wall Street Journal, 2014). Perhaps
as an inevitable systemic retaliation, recent advancements in technology have allowed consumers of
digital content to block advertisements by using a type of software that is now commonly referred to
1
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Figure 1

The ad-cleansing action of an ad-blocker (source: Adblock Plus).

as an Ad-Blocker (e.g., Adblock Plus, see Figure 1). A typical ad-blocker works by blocking ads at
their source, i.e., by preventing communication to ad-servers that deliver ads. Therefore, the use of
ad-blockers not only improves the visual experience of the user, but also results in other advantages,
including reduced data download and website loading time, and efficient use of battery power. It
has been reported that websites load nearly four times faster with an ad blocker and use about 50%
less data (Wall Street Journal, 2015).
Motivated by these benefits, companies like Apple and Samsung – that do not rely heavily on
ad revenues – have welcomed ad-blockers on their mobile devices by adding the functionality to
integrate third-party ad-blockers. According to a highly cited recent report by PageFair1 , ad-blocking
penetration in the U.S. is currently around 18% and in some other countries, such as Indonesia, has
reached above 50%. It is estimated that publishers worldwide lost nearly $41.4 billion in 2016 to the
use of ad-blockers.
Most ad-blockers come with a “white-listing” feature, that allows web-users to create a list of
websites, referred to as a white-list, in which the ad-blocker will not prevent ads from appearing. If an
ad-blocker is detected on a user’s device, the target website can ask the user to white-list the website,
failing which access to the website can be denied; examples include http://www.forbes.com and
http://www.businessinsider.com. Thus, websites do have a choice in allowing or denying access
to ad-block users. This choice raises a genuine predicament: on the one hand, ad-block users do
not generate revenue for the website; on the other hand, denying them access can shrink the user
1
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base and adversely affect the popularity of the website, ultimately reducing traffic over the long
run (we refer to this phenomenon as a network effect). Indeed, many publishers who reacted to
the increase in ad-block users by denying them access quickly stepped back and stopped doing so
(e.g., http://www.ratemyprofessors.com). To our knowledge, no clear strategy has yet emerged to
resolve this dilemma.
We model the decision problem for a publisher facing two user segments: regular users (hereafter,
referred to as regulars) and ad-blockers 2 . Regulars are potential users of the website who do not
use any ad-block software, whereas ad-blockers are potential users of the website who also use some
ad-block software. The first-level decision or gating strategy is whether to (a) allow ad-free access to
ad-block users or (b) require white-listing by ad-block users in order to allow them access. In (a),
the second-level decision for the website is the level of advertising (ad intensity) to regular users.
In (b), the second-level decisions are the ad-intensities to be used for regular users and for ad-block
users3 . The website’s revenue depends directly on the ad-intensity(ies) it chooses and the traffic it
generates from each of the two user segments. Moreover, the traffic it generates depends on the
net utility that each individual user receives from visiting the website and the value of the best
alternative to the website (i.e., the outside option). The net utility offered by the website depends
on (i) the intrinsic value of the website’s content, (ii) the value users obtain due to network effects,
i.e., value derived as a result of the amount of traffic/popularity of the website, and (iii) a negative
utility or cost incurred due to the presence of ads, driven by the overall past experience of ads as a
nuisance; regular and ad-block users differ in terms of these ad-viewing costs. Using this model, we
derive an optimal gating and ad-intensity strategy for the website. We also solve an identical model
for a world without ad-block software. We show analytically that the presence of such software can
be used by the website to increase its revenue by discriminating between regular and ad-block users
in terms of the ad-intensities shown to them. Clearly, this was not possible in the absence of such
software.
One naturally wonders if the website’s benefit in the post-ad-block world comes at the expense of
consumer welfare. Interestingly, we establish the precise condition – the utility users get from their
outside option is lower than a threshold – under which both the website and its consumers benefit
after the advent of ad-block software. Intuitively, when the website is able to customize ad-intensities
for regulars and ad-blockers, the total traffic to the website increases. When the outside option offers
2
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a low utility, these additional users not only obtain a higher net utility (relative to the pre-ad-block
world) but also increase the value of the website, which in turn also increases the net utility of the
existing users.
Instead of gating either all or none of the users (integral gating), one can consider a more-general
selective gating strategy in which only a fraction of the ad-block users are asked to white-list the
website. We show that this can increase the website’s revenue significantly from that under integral
gating. This analysis also helps us derive insights on the optimal selective gating strategy, with
respect to the strength of the network effect and the ad-blocking rate (the fraction of the potential
user-population that uses ad-blockers).
The remainder of the paper is organized as follows. We review the related literature in Section 2. In
Section 3, we formally define the basic model of gating and ad-intensity decisions in which either all
ad-block users are allowed ad-free access to the website or all ad-block users are asked to white-list
the website in order to access it (integral gating). In Section 4, we present our analysis of the optimal
gating decision and ad-intensities in the post-ad-block world as well as the optimal ad-intensity in
the pre-ad-block world. Using these results, Section 5 analyzes the impact of ad-block software on
the publisher’s revenue and the level of advertising shown to users, and Section 6 examines the
impact on consumers and social welfare. The possibility of selectively gating some ad-block users is
modeled and analyzed in Section 7. This analysis is then used to examine the impact of the network
effect and the ad-blocking rate on the optimal gating decision and on the increase in the website’s
revenue. Section 8 discusses our recommendations for publishers, web-browser developers and policy
makers. We conclude in Section 9.

2.

Brief Review of the Related Literature

The stream of literature that is closest to our work is the one on ad-avoidance. The main focus of this
literature is on the consequences of ad-avoidance for advertisers and consumers; see, e.g., Hann et al.
2008, Johnson 2013, and Goh et al. 2015. The modus operandi to avoid ads that have been examined
here include, among others, avoiding TV ads by switching channels, avoiding tele-marketing ads
by registering in Do-Not-Call lists, and ignoring marketing emails. There also exist studies that
investigate the impact of ad-avoidance on the revenue of the facilitators of advertising content; e.g.,
TV broadcasters and print media (Stühmeier and Wenzel 2011). However, the ramifications of adavoidance on web-based advertising and the creation of effective response strategies for publishers
is a relatively understudied subject. This is expected, since contracts for advertising on TV and
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telephone are long-term delivery contracts, where the facilitator usually gets paid regardless of
whether or not the ad is actually seen by the consumer (in some cases, the payments are adjusted
based on overall viewership statistics). Consequently, facilitators remain largely insulated from the
ad-avoidance behavior of consumers. In contrast, a majority of present-day digital advertising content
is cleared via real-time bidding for ad-space, with publishers often getting paid only when an ad is
clicked upon by the consumer (i.e., pay-per-click payments). Therefore, in web-based advertising,
ad-avoidance by consumers can significantly dent the revenue of publishers. With ad-blockers being
the latest tool that consumers are increasingly adopting to avoid web ads, the question of how
publishers should react intelligently to ad-blockers naturally gains importance. One key difference
between ad-blocking on websites and ad-avoidance in traditional media (e.g., TV, radio) is the
ability of facilitators to deliver ads: In contrast to traditional media, an ad cannot even be delivered
on a website in the presence of an ad-blocker since it is blocked at its source. Further, relative to
traditional media, web-based advertising presents a much richer setting to counter ad-avoidance
since, here, the publisher has the ability to interact with each user individually; e.g., by asking a
user to white-list the website. Accordingly, there is scope to develop novel “micro-level” strategies
for publishers, investigate their structural properties, and assess their impact on revenue. Our work
is an attempt to contribute in these directions.
The work that is perhaps closest to our study is Hann et al. (2008). However, along with the abovementioned finer granularity of decision-making in our context, there are several other important
differences in the analysis. In Hann et al. (2008), the value of the product being advertised does not
depend on the number of users of the product. On the other hand, the network effect is at the core
of our paper and plays a critical role in the website’s decisions. Further, in Hann et al. (2008), there
are two consumer segments – low-benefit and high-benefit – that differ in the profitability they offer
to the decision maker. In contrast, the consumer segments in our analysis are equally profitable from
the website’s viewpoint. It is in their individual sensitivities to ads (i.e., their respective ad-viewing
costs) that these segments differ.
Hann et al. (2008) find that when low-benefit consumers conceal themselves, advertising becomes
cost effective and leads sellers to advertise more to the remaining users. One of our findings –
actions by some consumers (i.e., ad-block users) to avoid advertisements affects other consumers – is
consistent with the above result in Hann et al. (2008). However, the force behind these two results is
different. In Hann et al. (2008), the externality arises from the advertising becoming cost effective.
In our analysis, instead, the externality arises from (i) the ability of the website to discriminate users
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on the basis of their ad-viewing costs and (ii) the presence of the network effect. In practice, the
extent of such externalities has been empirically established in Goh et al. (2015), in the context of
consumers registering in Do-Not-Call lists to avoid marketing solicitations.
In our analysis, a website derives value from two components – an intrinsic component based on
the website’s content and another based on network effect (driven by the traffic/popularity of the
website). This decomposition has been well-established in the literature, dating back at least to the
work of Katz and Shapiro (1985). The notion of network effect has been exploited in a variety of
contexts; e.g., to examine why firms give away free products (Parker and Van Alstyne 2005), to
examine the strategic interactions between service providers and their users (Nair et al. 2015), to
measure the dependence between user-generated content and social ties in online social networks
(Shriver et al. 2013), to measure the financial value of retaining and acquiring content contributors
for a website which provides user-generated content (Zhang et al. 2012). Dou et al. (2013) examine
how firms can engineer network externalities to their advantage and Kauffman et al. (2000) examine
the impact of network externalities on the adoption of a network. A website’s decision to allow
ad-block users to access the website without being subject to ads is akin to a firm providing a free
version of its product or service; see, e.g., Chellappa and Shivendu (2010), Niculescu and Wu (2014),
Lambrecht and Misra (2016). Typically, free versions offer a limited set of features, relative to the
premium varieties. In our context, however, ad-blockers (if allowed to access the website) and regular
users experience the same content.
The advent of ad-blockers has triggered an arms race between publishers and firms that develop
ad-block software: developers continue to devise new techniques to evade the detection of their adblockers while publishers react by working out ways to detect an ad-blocker’s presence. This has
generated a significant amount of work in the Computer Science literature; for instance, new adblocking techniques (see, e.g., Krammer 2008, Storey et al. 2017), legal implications and impact on
privacy (see, e.g., Krammer 2008, Vallade 2008, Gervais et al. 2016, and Garimella et al. 2017), and
anti ad-blocking reactions and the impact of ad-blockers on the targeting ability of publishers (see,
e.g., Johnson 2013 and Nithyanand et al. 2016).

3.

Model

We consider a publisher (a website) whose entire revenue comes from advertisements and whose
potential user-population consists of two segments: ad-blockers (potential users of the website, who
use some ad-block software) and regulars (potential users of the website, who do not use any ad-block
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The message shown by Forbes.com to an ad-block user. The message highlights the following two
actions: (i) The user is not allowed access to the website unless she disables the ad-blocker, and (ii) Upon
white-listing, the user will be offered an ad-light experience.

software).4 We denote the size of the potential user-population by N , the fraction corresponding to
ad-blockers by B, and the fraction corresponding to regulars by B̄ := 1 − B. We assume that the
content-creation cost for this website is sunk, and the cost of serving that content to a user is zero.
We consider the following two decisions for this publisher (see Figure 2 for a real-world illustration
of these decisions):
• Gating: The publisher could allow ad-blockers to access the website for free (i.e., without

showing any ads) or require them to white-list this website in order to access it. We use IG ∈
{0, 1} to denote this gating decision, with IG = 0 denoting ad-free access and IG = 1 the white-

listing requirement.
• Ad-Intensity: If IG = 1, the publisher decides two ad-intensities, ar and ab , respectively, for

regulars and ad-blockers who white-list (we refer to these as white-listers). If IG = 0, the publisher decides an ad-intensity ar for regulars; since ad-blockers are allowed to access the website
without seeing ads, ab = 0 in this case. Driven by practical considerations (e.g., the minimum
level necessary to grab user attention and/or the minimum amount dictated by the need to
complete ad-campaigns in a timely manner), if ads are shown, the publisher is required to
maintain a minimum ad-intensity5 of amin > 0. Thus,
ar , ab ∈ {0} ∪ [amin , ∞); moreover, ab = 0 if IG = 0.
While users do occasionally find ads useful, they are on average (based on past experience) typically
perceived as a nuisance. Accordingly, we assume that users have a negative average perception of
4
5

For brevity, we refer to the publisher as “she” and a potential user as “he”.

The results for the case when there is no positive lower bound on the ad-intensities (i.e., amin = 0) are summarized
later in Remark 1 (Section 5).
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ads; in other words, users incur non-negative ad-viewing costs. We model heterogenous ad-viewing
costs for potential users. For a randomly picked regular (ad-blocker) who is shown an ad-intensity
of 1, the ad-viewing cost is a random variable denoted by c̃r ∼ U [0, Cr ] (c̃b ∼ U [0, Cb ]). Therefore,
when a regular (ad-blocker) is shown an ad-intensity of ar (ab ), he incurs an ad-viewing cost of ar c̃r
(ab c̃b ). Thus, the two segments of potential users differ in their distributions of ad-viewing costs for
any given ad-intensity. We also refer to c̃b and c̃r as the ad-sensitivity of an ad-blocker and a regular
user, respectively. We assume that Cb ≥ Cr to reflect the idea that ad-blockers are likely to perceive
ads as being a greater nuisance than what regulars perceive. For every user visiting the website, the
publisher makes a revenue of r · a if the ad-intensity is a; thus, r is the ad-revenue-per-user from an
ad-intensity of 1.
Let v denote the gross value that users obtain by accessing the website (excluding ad-viewing
costs). This value, v, has two components: One component is the intrinsic value of the website generated through its content, and the other component is the network value of the website generated
through the usage of the website. This decomposition as well as our assumption of uniformly distributed ad-viewing costs are consistent with the literature (see, e.g., Katz and Shapiro 1985). Let n
represent the number of users of this website out of the total population of N potential users. We
assume the following functional form for v:
h
ni
v = V ᾱ + α
,
N

(1)

where α ∈ [0, 1] and ᾱ := 1 − α. Here, V denotes the maximum value users can obtain from the
website. The fraction n/N denotes the extent of market penetration by this website. The constant
ᾱ denotes the fraction of the value generated from the website’s content while αn/N denotes the
corresponding fraction generated due to network effects. We therefore refer to α as the network-effect
parameter.
Let u0 represent the net utility of an outside option for the potential users. The outside option
represents some other website or source where similar content can be accessed (if no such source
exists, then u0 = 0). We assume that u0 ≤ V , failing which no potential user will be interested in
visiting this website. Therefore, a regular with an ad-sensitivity of c̃r becomes a user of this website
if v − ar c̃r ≥ u0 . Similarly, an ad-blocker with an ad-sensitivity of c̃b becomes a user of this website
if the website allows ad-free access to ad-blockers (i.e., does not gate them) and v ≥ u0 (in this case,
c̃b is inconsequential); if the website requires ad-blockers to white-list (i.e., gates them), then this
ad-blocker white-lists and becomes a user if v − ab c̃b ≥ u0 . Thus, the publisher faces the following
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trade-off. On the one hand, an increase in the ad-intensity leads to a higher revenue from each user.
On the other hand, this increase reduces the net utility that potential users obtain from this website
and, therefore, reduces the number of users which, in turn, reduces revenue.
Website Decides
𝑰𝑮 , 𝒂𝒃 , 𝒂𝒓

𝑁
Ad-Block Users
𝐵

No Gate
𝐼𝐺 = 0

Ad-Block
User Decides

Outside Option
𝑢0

(0, 𝑢0 )

Figure 3

Regular
User Decides

Outside Option
𝑢0

Gate
𝐼𝐺 = 1

(0, 𝑣)

Regular Users
1−𝐵

(0, 𝑢0 )

Access

(𝑟𝑎𝑟 , 𝑣 − 𝑎𝑟 𝑐𝑟ǁ )

White-list

(𝑟𝑎𝑏 , 𝑣 − 𝑎𝑏 𝑐𝑏ǁ )

The sequence of events of the game: First the website decides IG , ab , and ar . Then, the ad-blockers
decide whether or not to white-list the website, and the regulars decide whether or not to access the
website. The quantities in brackets represent the payoffs received by the website and the user, respectively.

Figure 3 depicts the sequence of events of the game. The website first decides IG , ab , and ar .
After the website’s decisions, all the N potential users decide whether to pick the focal website (i.e.,
become a user) or pick the outside option, based on the comparison of their net utilities from these
two sources as explained above. In Figure 3, the two quantities in brackets represent, respectively,
the website’s revenue from a potential user and that potential user’s net utility. For every regular
user, the website earns a revenue of rar . If IG = 0 (that is, the website does not gate ad-blockers),
the website makes no revenues from ad-blockers. If IG = 1, the website makes a revenue of rab from
every ad-blocker. Table 1 summarizes our main notation. Figure 4 is a graphical representation of
the fraction of regulars who become users and the fraction of ad-blockers who become users.
Rational Expectations Equilibrium: Note that n, the number of users of the website, is the
aggregate number of regulars and ad-blockers who decide to become users. These individual decisions
are influenced by the value v and their individual ad-viewing costs. However, v itself depends on n.
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Notation Description
v

Equilibrium value of the website.

V

Maximum possible equilibrium value of the website.

n

Equilibrium traffic of the website.

N

Size of the potential user-population of the website.

α

Strength of the network effect. ᾱ := 1 − α.

u0

Net utility of the outside option.

B

Fraction of ad-block users among all potential users. B̄ := 1 − B.

IG

Indicator variable representing the gating decision: Equals 1 if the website
decides to gate; 0 otherwise.

ab

Ad-intensity for white-listers.

ar

Ad-intensity for regulars.

amin

Minimum possible (non-zero) ad-intensity.

Cb

Maximum ad-viewing cost among ad-block users for an ad-intensity of 1.

Cr

Maximum ad-viewing cost among regular users for an ad-intensity of 1.

r

Ad-revenue per user from an ad-intensity of 1.
Table 1

The main notation for our analysis

Regular Users

Ad-Block Users

0

𝑣 − 𝑢0

𝑎𝑏 𝐶𝑏

𝑐𝑏ǁ

0

White-List

Figure 4

𝑣 − 𝑢0

𝑎𝑟 𝐶𝑟

𝑐𝑟ǁ

Access

An ad-block user with ad-viewing cost lower than v − u0 white-lists the website, where v is the value
users obtain from the website and u0 is the net utility of the outside option. Similarly, a regular with
ad-viewing cost lower than v − u0 accesses the website.

We follow the standard assumption of rational expectations (see, e.g., Sheffrin 1996). That is, all
potential users have a belief on v, the value of the website, and make their decisions. These decisions,
in turn, result in a value for v which is consistent with the belief of the users.
Website’s Problem: Every choice of IG , ab , and ar will lead to a corresponding (i) equilibrium
value of v denoted by v(IG , ab , ar ), (ii) equilibrium number of ad-blockers who become users, denoted
by nb (IG , ab , ar ), (iii) equilibrium number of regulars who become users, denoted by nr (IG , ab , ar ), and
(iv) equilibrium value of the total traffic n, denoted by n(IG , ab , ar ) = nb (IG , ab , ar ) + nr (IG , ab , ar ).
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Thus, the equilibrium revenue for the website, denoted by R(IG , ab , ar ), can be expressed as follows:


R(IG , ab , ar ) = r nb (IG , ab , ar ) · ab + nr (IG , ab , ar ) · ar .

4.

(2)

Analysis

In this section, we assess the impact of ad-block software on the website’s decisions and its revenue.
To this end, we solve for the optimal decisions of the website both before and after the advent of
ad-block software, and also compare these decisions.
4.1.

Optimal Decisions After the Advent of Ad-Blockers

The problem for the website after the advent of ad-block software is to maximize its equilibrium
revenue; that is,
max

IG ,ab ,ar

R(IG , ab , ar )

s.t. IG ∈ {0, 1} and ar , ab ∈ {0} ∪ [amin , ∞).

(PAf ter )

Let IG∗ , a∗b and a∗r , respectively, denote the optimal values of IG , ab and ar , and let v ∗ := v(IG∗ , a∗b , a∗r ).
We first note some important properties of the optimal solution (IG∗ , a∗b , a∗r ).
• Property A1: (Ad-Light Experience for White-Listers) The optimal ad-intensities are

such that a∗b ≤ a∗r .
◦ Intuition: We know that Cb ≥ Cr , i.e., ad-blockers are more sensitive to ads than regu-

lars. Therefore, the optimal ad-intensity for ad-blockers is less than that for regulars. This
property is derived as part of the proof of Theorem 2 in the appendix.



• Property A2: (Complete Market Penetration) If a∗b > amin , then v ∗ − a∗b Cb = u0 and

v ∗ − a∗r Cr = u0 ; that is, all regulars and ad-blockers become users.
◦ Proof: Since a∗b > amin , we should have IG∗ = 1; moreover, from Property A1, we know

that a∗r > amin . Thus, Problem PAf ter simplifies to the unconstrained maximization of
R(1, ab , ar ). The number of ad-blockers who become users and the number of regulars who
become users are both proportional to the “value premium” v − u0 and inversely proportional to the respective ad-intensities. That is, nb (1, a∗b , a∗r ) =
N (1−B)(v ∗ −u0 )
;
a∗
r Cr

N B(v ∗ −u0 )
a∗
C
b b

and nr (1, a∗b , a∗r ) =

therefore, R(1, a∗b , a∗r ) = nb (1, a∗b , a∗r )ra∗b + nr (1, a∗b , a∗r )ra∗r . Thus, maximizing

revenue is equivalent to maximizing v which, in turn, is equivalent to maximizing the total
traffic, n. To maximize n, we need to convert all ad-blockers and regulars to users. The
largest ad-intensities which will allow this are those that ensure that the regular with the
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highest ad-viewing cost and the ad-blocker with the highest ad-viewing cost are both indifferent between becoming a user and choosing the outside option. The statement of the
property above ensures exactly that.



• Property A3: (Rational Belief on Value) The optimal solution satisfies the following

relations: 0 ≤ v ∗ − u0 ≤ a∗r Cr and, if IG = 1, v ∗ − u0 ≤ a∗b Cb .
◦ Proof: (i) If v ∗ < u0 , then no potential user visits the website; thus, the revenue obtained

is zero and cannot be optimal – thus, we should have 0 ≤ v ∗ − u0 . (ii) If v ∗ − u0 > a∗r Cr ,
then all regulars become users of the website because the net utility obtained by that
regular with the highest ad-viewing cost is v ∗ − a∗r Cr which strictly exceeds u0 , the value
of the outside option. Thus, the website could increase a∗r slightly and still ensure that all
regulars continue to be users of the website, while the net utilities obtained by ad-blockers
remain unchanged (and thus, the number of ad-blockers who visit the website also remains
unchanged). Thus, this increase in a∗r will lead to a revenue increase. This shows that, at
the optimal solution, v ∗ − u0 ≤ a∗r Cr . An identical argument shows that, at the optimal
solution, v ∗ − u0 ≤ a∗b Cb .



• Property A4: (Equilibrium Traffic) The equilibrium number of regulars and the equilibrium

number of ad-blockers who become users are given by the following expressions:
nr (IG∗ , a∗b , a∗r ) = N B̄(v ∗ − u0 )/(a∗r Cr ),
nb (IG∗ , a∗b , a∗r ) = N B(v ∗ − u0 )/(a∗b Cb ), if IG∗ = 1, and
nb (IG∗ , a∗b , a∗r ) = N B, if IG∗ = 0.
◦ Proof: This result follows directly from Property A3 and our model of uniformly dis-

tributed ad-viewing costs for regulars and ad-blockers.



The revenue function R(IG , ab , ar ) can now be computed using the expressions in Property A4.
Theorem 1 below states the optimal solution to problem PAf ter ; a proof of optimality is provided in
the appendix. To express the optimal solution, we define the following four parametric constants:
V αB(BCr + B̄Cb )amin
,
B̄(BV α − amin Cb ) + (BCr + B̄Cb )amin


n
V (1 − αB) − u0 Cb amin o
ag = max amin ,
,
Cr (Cb amin − V αB)

um = V −

b = V − u0 ,
C
amin

and
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uh = V ᾱ −

V αBK2
,
K3 − K2
(BC +B̄C )a

B̄a

b min
where K2 = a C min
and K3 = a C C r−V α(BC
.
−V
α
B̄
r
r +B̄Cb )
min
min b r

For a chosen set of decisions (IG , ab , ar ), the value premium offered by the website is φ(IG , ab , ar ) =
v(IG , ab , ar ) − u0 . By expressing the equilibrium value v in terms of the decisions (see (13) in the
appendix), we obtain
φ(IG , ab , ar ) =

V ᾱ + V α(1 − IG )B − u0

 .
1 − V α CIGaB + C1−B
r ar
b b

The condition φ(IG , ab , ar ) ≥ 0, which appears in the result below, can be naturally interpreted as
the “survival condition” for the website, in the sense that the website does not receive any traffic if
this condition fails.
Theorem 1 An optimal solution of problem PAf ter is as follows:
b then
• If Cb , Cr < C,
(
(1, V C−u0 ,
b
(IG∗ , a∗b , a∗r ) =
(0, 0, 0),

V −u0
),
Cr

if φ(1, V C−u0 ,
b
otherwise.

V −u0
)
Cr

≥ 0,

b then
• If Cb , Cr > C,


(0, amin , amin ),
∗
∗
∗
(IG , ab , ar ) = (1, amin , amin ),

(0, 0, 0),

if u0 ≥ uh , φ(0, amin , amin ) ≥ 0,
if u0 < uh , φ(1, amin , amin ) ≥ 0,
otherwise.

b ≤ Cb , then
• If Cr ≤ C

V −u0

(0, amin , Cr ),
(IG∗ , a∗b , a∗r ) = (1, amin , ag )

(0, 0, 0),

0
if u0 ≥ um , φ(0, amin , V C−u
) ≥ 0,
r
if u0 < um , φ(1, amin , ag ) ≥ 0,
otherwise.

The three cases in this result signify three types of websites, categorized on the basis of the ad-viewing
costs (or, equivalently, ad-sensitivities) of their user-population. We elaborate below:

b : This represents the class of websites whose target audience
(a) Low Cb and Low Cr Cb , Cr < C
is not very sensitive to ads; for instance, websites that offer discounted deals. Since potential
users of such websites are likely to white-list when required to do so, it is optimal to always
gate ad-blockers. Moreover, the higher ad-tolerance of the users implies that the website can
set relatively high ad-intensities (as compared to the two cases below) for both regulars and
ad-blockers.
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b : This represents websites which cater to an ad-sensitive
(b) High Cb and High Cr Cb , Cr > C
population – for example, senior business executives. An ad-sensitive audience necessitates a
cautious gating decision: Gate ad-blockers only if the outside option is not very attractive.
Understandably, the ad-intensity is at its lowest for both regulars and ad-blockers.

b ≤ Cb : In each of the previous two cases, ad-blockers and
(c) High Cb and Low Cr Cr ≤ C
regulars were similar in that both groups had low (high) ad-sensitivity. This third case represents
websites that face a wider variety of ad-sensitivities in their potential users. Here, when the
outside option is attractive (i.e., when u0 ≥ um ), it is optimal not to gate ad-blockers. Further,
since the ad-sensitivity of regulars is low, as in Case (a) above, the optimal ad-intensity for
these users is the same as in that case. When the outside option is not attractive (i.e., when
u0 < um ), it becomes optimal to gate ad-blockers. Under this possibility, since ad-blockers are
highly ad-sensitive, their ad-intensity is the lowest possible. The gating of ad-blockers results in
the website losing some of these potential users. To compensate, the website attracts regulars
by offering them an ad-intensity which is lower than that in Case (a) (it is easy to see that
ag ≤

V −u0
).
Cr

The closed-form expressions in Theorem 1 help us establish the monotonicity of the ad-intensities,
for a given gating decision, with respect to an increase in the upper bound V on the value of
the website. Surprisingly, as shown in Theorem 2 below, the optimal gating decision may not be
monotone in the value of the website.
Theorem 2 (Behavior of Ad-Intensities and Gating Decisions): (i) For a given gating decision IG , the optimal ad-intensities (âb (IG ), âr (IG )) increase with the maximum value V offered by
the website. Thus, for a given gating decision, the website advertises more as its maximum value
increases. (ii) The optimal gating decision (IG∗ ) is, in general, not monotone in V .
Interestingly, a website may decide to stop gating with an increase in V , under certain conditions.
Consider, for instance, a website facing (i) a high network effect (i.e., α is high), (ii) a low ad-blocking
rate (i.e., B is low), and (iii) a highly ad-sensitive target audience (i.e., Cb and Cr are high). As can
been seen from Theorem 1, if the website gates, then a highly ad-sensitive user population makes it
optimal to advertise at the minimum level both to regulars and to ad-blockers who white-list. Here,
ad blockers contribute little to the revenue of the website, since they constitute a small fraction of
the potential user population and, further, being ad-sensitive, most of them do not white-list. In
this situation, an increase in V can make it optimal for the website to stop gating, driven by the
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following benefits: (i) Due to a strong network effect, allowing ad-free access to ad-blockers increases
the value of the website (over and above the increase due to a higher V ). (ii) In turn, this increase in
value enables the website to attract more regulars and also advertise to them at a higher intensity.
Note that a further increase in V may make it optimal for the website to start gating again: If the
increase in V is substantial enough, then despite the loss of ad-blockers who refuse to white-list, the
website can (a) further increase the advertising intensity for regulars and (b) generate revenue from
ad-blockers who white-list.
To be able to assess the impact of ad-block software on the ad-intensities and the revenue of the
website, we next analyze the website’s decisions before the advent of such software.
4.2.

Optimal Ad-Intensity in the Pre-Ad-Block World

After the advent of ad-block software, the publisher is able to discriminate between the two segments
of potential users, namely regulars and ad-blockers, who differ in their ad-viewing cost distributions.
In the world prior to ad-block software, the publisher had no such tool to identify which segment a
potential user belongs to and thus used a common ad-intensity for all potential users. Since it could
be confusing to refer to the two segments as regulars and ad-blockers in the pre-ad-block world, we
refer to these segments as low-cost and high-cost, respectively. The subscript r will refer to the lowcost segment and the subscript b will refer to the high-cost segment. Using the same notation as in
the previous section, the pre-ad-blocking world corresponds to the website always gating; i.e., IG = 1
and choosing a common ad-intensity ab = ar = a (say). Thus, the website’s revenue is R(1, a, a) and
we now have the following optimization problem, which we refer to as problem PBef ore .
max
a

R(1, a, a)

s.t. a ∈ {0} ∪ [amin , ∞).

(PBef ore )

Let a∗ be the optimal ad-intensity in problem PBef ore . Let v ∗ := v(1, a∗ , a∗ ) (resp., n(1, a∗ , a∗ ))
denote the corresponding equilibrium value (resp., equilibrium traffic) of the website. As in Section 4.1, we first present important properties that an optimal solution of problem PBef ore must
satisfy and then use them to derive an optimal solution.
i
h
αB ρ̄
• Property B1: (Ad Intensities) Let û0 = V 1 − 1−B
. If a∗ > amin , then (i) if u0 ≤ û0 , the
optimal ad-intensity a∗ satisfies v ∗ − a∗ Cr = u0 , (ii) otherwise, v ∗ − Cb a∗ = u0 .
◦ Intuition: When the utility of the outside option is low, the website can hope to attract

users even at a high ad-intensity. Driven by this, the optimal ad-intensity is such that the
entire low-cost segment prefers the website to the outside option but only a fraction of
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the high-cost segment does so. When the outside option is attractive, the website is more
conservative and uses a relatively lower ad-intensity, which ensures that both the low-cost
and high-cost segments become users.
This property is derived as part of the proof of Theorem 3 in the appendix.



• Property B2: (Rational Belief on Value) The optimal ad-intensity a∗ and the equilibrium

value v ∗ satisfy 0 ≤ v ∗ − u0 ≤ a∗ Cb .
◦ Proof: The proof of this property is similar to that of Property A3 in Section 4.1.
• Property B3: (Equilibrium Traffic) The equilibrium number of users is

(v ∗ −u0 )
(v ∗ −u0 )
∗
∗

N (1 − B) a∗ Cr + N B a∗ Cb , if 0 ≤ v − u0 ≤ a Cr ,
n(1, a∗ , a∗ ) =

N (1 − B) + N B (v∗ −u0 ) ,
if a∗ Cr ≤ v ∗ − u0 ≤ a∗ Cb .
a∗ C



(3)

b

◦ Proof: This result follows directly from Property B2 and our model of uniformly dis-

tributed ad-viewing costs for high-cost and low-cost users.



The revenue function R(1, a, a) can now be computed using the expression of n(1, a∗ , a∗ ) in (3).
Theorem 3 below states the optimal solution to problem PBef ore ; a proof of optimality is provided
in the appendix. To express the optimal solution, we define the following four parametric constants:
br = (V − u0 − V αB)Cb ,
C
amin Cb − V αB
M2
ub = V (1 − αB) +
,
M1
V (1 − αρ) − u0
â =
,
Cr
ˆ = V − u0 ,
â
Cb
B(Cb −Cr )
,
Cb

ρ̄

ρ̄ = 1 − ρ, M1 = C
r
ˆ
b
b
show that â ≥ â and C ≥ Cr .
where ρ =

ρ̄V α−B̄amin Cb
Bamin
+ V αB−C
, and M2 =
. It is easy to
amin
C
b

b

As we did in Section 4.1, it is convenient to obtain the expression for the value premium, i.e.,
v(a) − u0 , offered by the website, for a chosen ad-intensity a. Using the expression for the equilibrium

value v see (23) and (27) in the Appendix , we have

aCr (V ᾱ−u0 )
b Cr ≥ C
br ,

if Cb ≥ C,

φl (a) = aCr −V αρ̄ ,
v(a) − u0 =


φ (a) = aCb [V (1−αB)−u0 ] , otherwise.
h

aCb −V αB
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Parallel to the meaning of the condition φ(IG , ab , ar ) ≥ 0 in the analysis of Problem PAf ter (Section 4.1), here the survival condition for the website (i.e., the website does not receive any traffic
if this condition fails) is (i) φl (a) ≥ 0, for a highly ad-sensitive user population and (ii) φh (a) ≥ 0,
otherwise. We use these conditions in the result below.
Theorem 3 An optimal solution of problem PBef ore is as follows:
b then
• If Cb , Cr < C,


â,
∗
ˆ
a = â,

0,

if u0 ≤ û0 , φh (â) ≥ 0,
ˆ ≥ 0,
if u0 > û0 , φh (â)
otherwise.

b Cr ≥ C
br , then
• If Cb ≥ C,
(
amin ,
a∗ =
0,

if φl (amin ) ≥ 0,
otherwise.



â,
∗
a = amin ,

0,

if u0 ≤ ub , φh (â) ≥ 0,
if u0 > ub , φh (amin ) ≥ 0,
otherwise.

b Cr < C
br , then
• If Cb ≥ C,

As in Theorem 1, the three cases in the above result represent three categories of websites based on
the ad-sensitivities of their potential users.

b : When the outside option is low (high), the website uses
(a) Low Cb and Low Cr Cb , Cr < C
ˆ Due to the low ad-sensitivity (i.e.,
a relatively high ad-intensity â (resp., low ad-intensity â).
high ad-tolerance) of the user-population in this category, these intensities are higher than their
corresponding values for the other two categories.

b Cr ≥ C
br : Here, due to the high ad-sensitivity of the user(b) High Cb and High Cr Cb ≥ C,
population, it is optimal to keep the ad-intensity at its lowest.

b Cr < C
br : In this case, the website serves users with a wider
(c) High Cb and Low Cr Cb ≥ C,
variety of ad-sensitivities. If the outside option is not attractive, then the website advertises at
a high ad-intensity (â); otherwise, it chooses the the minimum ad-intensity.
Analogous to Theorem 2 (which was for Problem PAf ter ), the following result establishes the
monotonicity of the optimal ad-intensity in Problem PBef ore with respect to the upper bound V on
the value of the website. The proof of this result is similar to that of Theorem 2 and therefore not
provided for brevity.
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A pictorial comparison of the ad-intensities in the optimal solutions to problems PAf ter and PBef ore .

Theorem 4 (Monotonicity of Ad-Intensity): Keeping all other parameters fixed, as the maximum value V offered by the website increases, the optimal ad-intensity a∗ increases. In other words,
the website advertises more as its maximum value increases.
Using the optimal solutions in Theorems 1 and 3, we now compare the ad-intensities before and
after the advent of ad-block software.
4.3.

Comparing Optimal Ad-Intensities in the Pre- and Post-Ad-Block Worlds

Figure 5 is a pictorial comparison of the ad-intensities in the optimal solutions to problems PAf ter
and PBef ore . As shown here, for both these problems, the (Cb , Cr )-space can be decomposed into
three regions – I, II, and III – that broadly represent the websites that serve users with low, high, and
moderate ad-sensitivities, respectively. In the pre-ad-block world, the websites belonging to Region II
found it optimal to keep the ad-intensity at its minimum level; i.e., amin . In the post-ad-block world,
the discriminatory power bestowed by ad-blockers enables the choice of a higher ad-intensity for
b Cr ∈ [C
br , C].
b Thus, Region II of the pre-ad-block world shrinks in the
regular users with Cb ≥ C,
post-ad-block world (or, equivalently Region III expands).

5.

Impact of Ad-Block Software on Publishers

In the previous section, we obtained the optimal decisions of the publisher before and after the
advent of ad-block software. In this section, we use the analysis thus far to assess the impact on
(i) the revenue of the website and (ii) the ad-intensities for the two segments of the population.
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Theorem 5 Under the optimal decisions derived in Section 4, the revenue of the website increases
after the advent of ad-block software. That is,
R(IG∗ , a∗b , a∗r ) ≥ R(1, a∗ , a∗ ).
The intuition behind the above result is as follows. By definition, a∗ is the optimal ad-intensity
of the website before the advent of ad-block software. Consider the following strategy of the website
after the advent of ad-block software: ab = ar = a∗ , IG = 1. In following this strategy, the website
continues to keep the same ad-intensity after the advent of ad-block software as before, and gates
all ad-blockers. Since the ad-intensity is the same before and after the advent of ad-block software
and the website gates all ad-blockers, any potential user who became a user in the pre-ad-block
world also becomes a user in the post-ad-block world. Thus, the maximum revenue obtained by
the publisher before the advent of ad-block software is a lower bound on the optimal revenue of
the website after the advent of ad-block software. This finding is consistent with that of a recent
empirical investigation at Forbes (DVorkin 2016) in which ad-blockers were gated and offered an
ad-light experience while regulars were offered a higher ad-intensity. The main finding was that,
as compared to the earlier setting where ad-blockers were not gated, Forbes was able to deliver
63 million additional ad impressions in two weeks to those users who agreed to whitelist, without
significantly affecting the total traffic to the website.
Theorem 6 Compared to the ad-intensity before the advent of ad-block software, the ad-intensity
for the high-cost segment decreases and the ad-intensity for the low-cost segment increases after the
advent of ad-block software. That is,
a∗b ≤ a∗ ≤ a∗r .
The intuition for the above theorem is this: Since the two segments of the population differ in
terms of their ad-viewing cost distributions, the ability to discriminate between their ad-intensities,
in the world with ad-block software, makes it optimal to more aggressively advertise to the low-cost
segment and to less aggressively advertise to the high-cost segment, than before.
Remark 1 (Unconstrained Ad-Intensities) Both problems PBef ore and PAf ter imposed a lower
bound, namely amin , on the ad-intensities. In the absence of this lower bound, i.e., when amin = 0, the
optimal solutions of these problems simplify significantly. Using the same notation as in our analysis
above, the optimal solution of PAf ter when amin = 0 is
(
0
),
(1, V C−u0 , V C−u
∗
∗
∗
r
b
(IG , ab , ar ) =
(0, 0, 0),

if u0 ≤ V ᾱ,
otherwise,
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and the optimal solution of PBef ore is


â,
∗
ˆ
a = â,

0,

if u0 < û0 ,
if û0 ≤ u0 ≤ V ᾱ + V αB̄,
otherwise.

The key results of our analysis continue to hold when amin = 0: the website’s revenue increases,
white-listers receive an ad-light experience, and regulars are offered a higher ad-intensity in the
post-ad-block world.



Thus far, our focus was on the impact of ad-block software on the website’s revenue. We now
examine the impact on consumer surplus and social surplus.

6.

Welfare Analysis

We define consumer surplus as the total expected net utility over all the consumers; that is, the sum
of the net utilities of all the consumers. Social surplus is defined as the sum of consumer surplus and
the revenue of the website. The main takeaway from our analysis in this section is an argument in
favor of a website providing niche content to ensure that both the website and the consumers of its
content benefit. We now proceed with the analysis.
For simplicity of exposition, we focus on the case when the minimum ad-intensity threshold is
V −u0
. From our
Cb
V −u0
∗
ar = Cr , n = N ,

low; specifically, amin ≤
this case,

a∗b

=

V −u0
,
Cb

analysis of Problem PAf ter in Section 4 we know that, in
and v = V . Let CSAf ter denote the consumer surplus after

the advent of ad-block software. An ad-block user with an ad-sensitivity of c̃b receives a net utility
of V − a∗b c̃b . Similarly, a regular user with an ad-sensitivity of c̃r receives a net utility of V − a∗r c̃r .
Since c̃b ∼ U [0, a∗b Cb ] and c̃r ∼ U [0, a∗r Cr ], we have




a∗ Cb
a∗ C r
CSAf ter = N B V − b
+ N (1 − B) V − r
.
2
2
Using a∗r =

V −u0
Cr

and a∗b =

V −u0
Cb

we get
CSAf ter =

N (V + u0 )
.
2

(4)

Let CSBef ore denote the consumer surplus before the advent of ad-block software. Using an analysis
similar to that above, we have

CSBef ore =


N ρ̄(V −V αρ+u0 )+2N Bρu0


,


2

if u0 ≤ û0 ,



N B̄[2Cb V −Cr (V −u0 )]+Cb N B(V +u0 )


,

otherwise.

2Cb

(5)
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For more details on the expressions in (5), we refer the reader to the proof of the following result,
which characterizes the increase in consumer surplus after the advent of ad-block software.
Theorem 7 After the advent of ad-block software, consumer surplus increases if and only if u0 ≤ û0 .
The intuition behind this result is as follows. In the pre-ad-block world, the publisher – who
had no tool to segment users based on their ad viewing costs – used a single ad-intensity for all
potential users. Not surprisingly, this common ad-intensity is too high for some high-cost potential
users, who therefore choose not to become users of the website and instead consume the low-utility
outside option (u0 ≤ û0 ). However, after the advent of ad-block software, the website is able to
discriminate by offering a lower ad-intensity to such high-cost users, thereby converting them into
users of the website and leading to an increase in the total traffic of the website. This increases
consumer surplus in two ways: First, all the new users (the users of the website after the advent of
ad-block software but not before) obtain a higher net utility compared to the low utility from the
outside option, which they were consuming earlier. Second, the increase in traffic increases the value
of the website; therefore, the old users (the users of the website both before and after the advent
of ad-block software) also obtain a higher net utility from the website. In this manner, consumer
surplus increases after the advent of ad-block software when the outside option has low net utility.
When the outside option offers a high-enough net utility (u0 > û0 ), then the ad-intensity in the
world prior to ad-blockers is itself quite low (see Theorem 3). After the advent of ad-block software,
while the website is able to decrease the ad-intensity for high-cost users, this decrease is not significant
given that the ad-intensity was already low. On the other hand, the ad-intensity increases significantly
for low-cost users – while the website is able to retain these users by carefully increasing their
ad-intensity, their consumer surplus decreases due to this increase. Overall, the loss of consumer
surplus due to the (significant) increase in the ad-intensity for low-cost users more than offsets the
gain in consumer surplus due to the (small) decrease in the ad-intensity for high-cost users. As a
consequence, the total consumer surplus decreases.
We now examine the social surplus. Let WBef ore and WAf ter (resp., RBef ore and RAf ter ) denote
the social surplus (resp., optimal revenue of the website) before and after the advent of ad-block
software, respectively. We know that

RBef ore =


N r ρ̄(V −V αρ−u0 )


,


Cr

if u0 ≤ û0 ,




 N r(V −u0 ) ,

otherwise,

Cb

(6)
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and
RAf ter =

N rρ̄(V − u0 )
.
Cr

(7)

The expressions for WBef ore and WAf ter can be obtained using (4), (5), (6), and (7). The following
result characterizes the movement in total surplus in the post-ad-block world.
Theorem 8 After the advent of ad-block software, social surplus increases if and only if u0 ≤ û0 .
One direction of this result follows immediately from Theorems 5 and 7, since both the revenue
of the website and the consumer surplus increase in the post-ad-block world when u0 ≤ û0 . In the
reverse direction (i.e., when u0 ≥ û0 ), while consumer surplus decreases in the post-ad-block world
(Theorem 7), an attractive outside option for consumers compels the website to choose a low adintensity, thereby limiting the increase in its revenue. Consequently, the increase in the website’s
revenue is not enough to compensate for the loss of consumer surplus, leading to a net decrease in
social surplus. Figure 6 summarizes the conclusions of Theorems 5, 7, and 8.
Win-Win
 Publisher surplus increases.

 Consumer surplus increases.

Social surplus increases

𝑢0 ≤ 𝑢ො 0
(Low Outside Option)

𝑢0 > 𝑢ො 0
(High Outside Option)

Win-Lose
 Publisher surplus increases.
 Consumer surplus decreases.

Figure 6

Social surplus decreases

The advent of ad-blockers leads to a win-win for the websites that serve niche content (u0 ≤ û0 ) and
their users.

The expressions for RBef ore and RAf ter in (6) and (7) help us establish the following result.
Theorem 9 The rate of increase in the optimal revenue with an increase in the maximum value V
of the website is higher in the post-ad-block world, i.e.,
B = 0 and B = 1.

∂RAf ter
∂V

≥

∂RBef ore
.
∂V

Further, equality holds for
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In both the pre- and post-ad-block worlds, the increase in the website’s value from an increase
in V enables it to advertise at a higher ad-intensity. However, because of the discriminatory power
endowed by ad-blockers in the post-ad-block world, the website can customize the ad-intensity for
each of the two user segments, i.e., regulars and ad-blockers. This is in contrast to the pre-ad-block
world, where a common ad-intensity had to be chosen for the entire user population. This added
advantage results in a relatively higher rate of increase in revenue with an increase in V in the postad-block world. Clearly, the ability to individually customize the ad intensities for the two segments
can lead to a significant benefit only if both the segments are of sufficient size; i.e., the ad-blocking
rate B is sufficiently away from 0 and 1.
A website can increase V by improving the quality of its content or service and/or by providing
niche content. Thus, Theorem 9 implies that the website has a higher incentive to undertake such
endeavors post the advent of ad-block software. Further, current ad-blocking rates are fractional for
most websites, thus making the effort to increase V more potent. Finally, from (4) and (7), we also
know that both consumer surplus and the website’s revenue increase with V , leading to an increased
social surplus. In summary, content managers can view the provision of better/niche content or
service as a curative response to ad-block software – one that is beneficial both to the website and its
potential consumers and, therefore, generates more social value.

Remark 2 (White-Listing Cost) Our analysis assumes that ad-block users do not incur any cost
for white-listing the website. However, it is conceivable that users incur or perceive a positive whitelisting cost – for example, users may feel annoyed when asked to white-list despite having an adblocker installed or non-tech-savvy users may find it difficult to properly white-list the website.
In practice, websites try to reduce this cost by providing instructions on how to white-list and by
explaining to users that ads are necessary to finance the creation of high-quality content. As long as
the white-listing cost is sufficiently low, it is easy to show that the main results of our analysis – that
the website’s revenue increases after the advent of ad-blockers and that consumers also benefit under
a low outside option – continue to hold.



Our analysis thus far assumes that the website’s gating decision is binary – either allow ad-free
access to all ad-blocker users or require all these users to white-list to gain access. With the aim of
further increasing the website’s revenue, we now examine a generalization in which only a fraction
of the ad-block users are gated.

24

Author Ad-Blockers: A Blessing or a Curse?

7.

Improving Revenue Further: Selective Gating

Let p denote the fraction of ad-blockers who are gated. The remaining 1 − p fraction of ad-blockers
are not gated, i.e., are allowed to access the website without disabling the ad-block software. We
refer to p as the gating intensity and to this strategy as selective gating. There are several ways in
which selective gating can be implemented – e.g., tossing a coin (with success probability p) at each
user visit to decide whether or not to gate, or randomly choosing a p fraction of users for gating. We
will refer to the strategy in Section 4 of gating all or none of the potential users as integral gating,
to contrast it with selective gating.
Our goal in this section is to identify the conditions under which the use of selective gating can lead
to a substantial increase in the website’s revenue, relative to integral gating. Recall from Theorem 1
that our analysis in Section 4 partitioned the website’s decisions into three cases, based on the adb (ii) Cb , Cr > C,
b and (iii) Cr ≤ C
b ≤ Cb . In the first
viewing cost parameters Cb and Cr : (i) Cb , Cr < C,
case, using an analysis similar to that in the proof of Theorem 1, we have p∗ = 1, i.e., the optimal
gating intensity under selective gating is naturally integral. Thus, in this case, selective gating does
not affect the revenue of the website.
From the other two cases (namely, ii and iii), for brevity, we only discuss Case ii in this section,
b For this case, using an analysis similar to that in the proof of Theorem 1, we
namely Cb , Cr > C.
can show that, for any gating intensity p ∈ [0, 1], a∗b = a∗r = amin . Thus, we only need to obtain the
optimal gating intensity p∗ . Let R(p, amin , amin ) represent the revenue of the website when gating
intensity is p. Therefore, the website solves the following problem:
max

R(p, amin , amin )

s.t. p ∈ [0, 1].

(PSelect )

Let p∗ be the optimal gating intensity and let v ∗ := v(p, amin , amin ). Let n(p∗ , amin , amin ) represent
the equilibrium traffic received by the website. Similar to Sections 4.1 and 4.2, we first present some
important properties that an optimal solution must satisfy and then use them to derive the optimal
solution.
• Property C1: (Rational Belief on Value) The optimal gating intensity p∗ is such that the

equilibrium value v ∗ satisfies 0 ≤ v ∗ − u0 ≤ amin Cr .
◦ Proof: (i) If v ∗ < u0 , then the website does not receive any traffic and therefore does not
b where,
earn any revenue. Therefore, we should have v ∗ ≥ u0 . (ii) We know that Cr ≥ C,

b=
from Section 4.1, C

V −u0
.
amin

Since V ≥ v ∗ , we have Cr amin ≥ v ∗ − u0 .
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• Property C2: (Equilibrium Traffic) The equilibrium number of users is

n(p∗ , amin , amin ) =

N B(v ∗ − u0 )p∗
N (1 − B)(v ∗ − u0 )
+ (1 − p∗ )N B +
.
amin Cb
amin Cr

(8)

◦ Proof: This result follows directly from Property C1 and our model of uniformly dis-

tributed ad-viewing costs for ad-blockers and regulars.



The revenue function R(p, amin , amin ) can now be computed using (8). It is easy to show that
R(p, amin , amin ) is a concave function of p. When R0 (0) ≥ 0 and R0 (1) ≤ 0, let p̂ be such that
R0 (p̂) = 0; clearly, such a value exists. We formally state the optimal gating intensity.
Theorem 10 The optimal gating intensity


0,
∗
p = 1,

p̂,

is given by
if R0 (0) < 0, R0 (1) < 0,
if R0 (0) > 0, R0 (1) > 0,
if R0 (0) ≥ 0, R0 (1) ≤ 0.

We now proceed to examine the benefit of selective gating for the website.
7.1.

Illustrating the Benefit of Selective Gating

To assess the benefit of selective gating, it is instructive to first understand the behavior of the
optimal gating intensity p∗ . We illustrate this using the following choice of the parameters: Cr =
100, Cb = 200, u0 = 50, amin = 1, N = 1, 000, 000, r = 1, and V = 100. Figure 7(a) plots the optimal
gating intensity (p∗ ) with respect to the network effect α and the ad-blocking rate B. Our main
observations – which can be viewed as recommendations on the optimal gating intensity for the
website based on the strength of its network effect and the ad-blocking rate of its user-population –
are discussed below:
• From the lower half of the figure, we note the following:
◦ When the strength of the network effect is low, it is optimal to always gate ad-blockers for

all values of the ad-blocking rate, i.e., p∗ is 1 for all values of B.
◦ As the ad-blocking rate increases, the region in which p∗ is 1 expands.

The gating of ad-blockers affects a website in two ways: On the one hand, if an ad-blocker
agrees to white-list the website, then revenue may be generated from this user who is otherwise
a free-rider. On the other hand, if the ad-blocker does not white-list and leaves, then the
resulting negative externality can adversely affect the user base of the website – the extent
of this externality depends on the strength of the network effect for the website. Thus, when
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Figure 7

The benefit of selective gating is zero when the optimal gating intensity p∗ is naturally integral, and is
high for those combinations of α (the strength of the network effect) and B (the fraction of ad-block
users) for which p∗ is close to 0.5.

the magnitude of the network effect is low, the latter force is weak relative to the former and,
as a result, it becomes optimal to always gate ad-blockers. Moreover, as the ad-blocking rate
increases and ad-blockers constitute a larger fraction of the user-base, the conversion of adblockers to white-listers becomes even more attractive for the website, resulting in the expansion
of the region in which p∗ equals 1.
• The upper-left quadrant shows that a near-zero gating intensity is optimal when the ad-blocking

rate is low but the network effect is strong. Both these features act in tandem towards a low
gating intensity: while the strong network effect dissuades the website from gating ad-blockers,
the low ad-blocking rate means that there is also no compelling need to react to ad-blockers.
• In the upper-right quadrant – where the network effect is strong and the ad-blocking rate is

high – a fractional gating intensity is optimal. Here the tradeoff is healthy: while the strong
network effect keeps the website from gating ad-blockers aggressively, the high ad-blocking rate
also necessitates some action towards ad-blockers. This creates a fertile situation for selective
gating to realize its potential, resulting in a fractional value of p∗ . Further, as expected, p∗
reduces as the network effect becomes stronger.
Another interesting observation from Figure 7(a) is that when the ad-blocking rate is low, the
optimal gating intensity is largely integral, i.e., p∗ is either 0 or 1. This perhaps explains why selective
gating is not yet common in practice: Ad-blocking rates are still quite modest; in the U.S., for
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example, it is currently around 18%. As ad-blockers become prevalent, one can expect to see an
increase in the use of the selective-gating strategy.
Benefit of Selective Gating Over Integral Gating: Having obtained the website’s optimal
revenue under both integral (Section 4) and selective gating, we can now examine the percentage
increase in revenue from the latter. For our chosen values of the parameters, it can be verified that
the optimal ad-intensities are a∗b = a∗r = amin under both integral and selective gating. Let
ΘSelect =

R(p∗ , amin , amin ) − R(IG∗ , amin , amin )
× 100.
R(IG∗ , amin , amin )

Figure 7(b) plots the logarithm (base 10) of ΘSelect with respect to the network-effect parameter α
(strength of the network effect) and the ad-blocking rate B (fraction of ad-block users). We now
discuss our observations in this figure using additional information from Figure 7(a). Obviously, the
benefit of selective gating is zero where the optimal gating intensity p∗ is naturally integral. The
benefit is highest in the region where p∗ is around 0.5 (and therefore farthest from the integral
extreme values). This is precisely the region in which both α and B are high. As is clear from our
discussion above, concerns over the use of ad-blockers are particularly important for websites that
face both a high network effect and a high fraction of ad-block users – these are the websites that
can benefit most from selective gating.
Improvement in Revenue: In Theorem 5, we established that, under the optimal decisions derived
in Section 4, the revenue of the website increases after the advent of ad-blockers. While that result
assumed an integral gating decision, selective gating further increases the website’s revenue. Recall
from Section 4.2 that the website’s revenue in the pre-ad-block world corresponds (in the post-adblock world) to the website gating all potential users and using a common ad intensity ab = ar = a.
Under our chosen values of the parameters, using Theorems 3 and the discussion earlier in this
section, the website’s revenue in the post-ad-blocker (resp., pre-ad-blocker) world is R(p∗ , amin , amin )

resp., R(1, amin , amin ) . Thus, the percentage increase in the website’s revenue after the advent of
ad-blockers is
ΥRev =

R(p∗ , amin , amin ) − R(1, amin , amin )
× 100.
R(1, amin , amin )

Figure 8 plots ΥRev with respect to ad-blocking rate B and network effect α. When the network
effect is weak, the optimal gating intensity in the post-ad-block world is naturally close to 1 recall

our earlier discussion for the lower half of Figure 7(a) ; therefore, there is little or no increase in
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Figure 8

When the network effect is strong, the percentage increase in the website’s revenue in the post-adblocking world peaks at a moderate ad-blocking rate B. When the network effect is weak, there is little
or no increase in revenue.

revenue. When the network effect is strong, the percentage increase in revenue peaks for a moderate
ad-blocking rate B (close to 0.5) – this is when the website can fully exploit the ability endowed by
ad-blockers to discriminate between the two segments, namely regulars and ad-blockers.
Next, we discuss the recommendations offered by our analysis for publishers, web-browsers, and
policy makers.

8.

Recommendations for Publishers, Browsers, and Policy Makers

Publishers: While publishers always benefit in the post-ad-block world (Section 5), the specific
strategy – namely, the gating decision and the ad-intensities for regulars and ad-blockers – to realize
this benefit differs across publishers. Two key characteristics that shape a publisher’s strategy are
the strength of the network effect it faces and the ad-sensitivity of its potential users. Figure 9
summarizes the associated recommendations offered by our analysis: If the network effect is strong
and the user population is ad-sensitive, then no gating and a low ad-intensity is recommended.
On the other extreme, if the network effect is low and users have a high ad-tolerance, then always
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Strength of
Network Effect

High

Gating: Selective
Ad-Intensity: Moderate

Gating: Never
Ad-Intensity: Low

Low

Gating: Always
Ad-Intensity: High

Gating: Selective
Ad-Intensity: Moderate

Low

Figure 9

High

Ad-Sensitivity
of Users

The recommended gating decision and advertisement intensity based on the strength of a website’s
network effect and the ad-sensitivity of its potential users.

gating and a high ad-intensity is suggested. Otherwise, the website should selectively gate users and
advertise at a moderate intensity. In all these cases, when a website gates, it is recommended that
white-listers be offered an ad-light experience.
Browsers: Recently, Google announced that it plans to provide an inbuilt ad-blocker for its Chrome
web browser (Wall Street Journal, 2017). There already exist other web browsers that come with an
inbuilt ad-blocker, e.g., Adblock Browser for mobiles, and Opera for both desktops and mobiles. We
now discuss the potential impact of the decision of web browsers to provide an inbuilt ad-blocker on
the welfare of publishers and consumers. Specifically, let us imagine the following setting: The web
browsers of all potential users of the website have an inbuilt ad-blocker with a white-listing feature
(both Opera and Adblock Browser offer this feature). Thus, the only way that the website can show
ads to its users is by asking them to white-list the website on their browsers.
As our analysis in Sections 4 and 5 showed, the conscious decision of users to install an ad-blocker
divulges information about their ad-viewing costs, which can then be exploited by the website to
tailor their ad-intensities. When the outside option offers low utility, this separation not only benefits
publishers but also improves consumer surplus. On the flip side, this discrimination is not powerful
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enough when the outside option offers a high-enough utility, in the sense that users with low adviewing costs can we worse-off after the advent of ad-blockers. However, if all potential users have
an in-built ad-blocker, the publisher cannot distinguish them on the basis of their ad-viewing costs
and therefore loses the ability to customize their ad-intensities. Thus, we are back to the situation
before the advent of ad blockers. Let PInbuilt refer to the website’s problem for a user population
with in-built ad-blockers. The analysis of this problem is identical to that in Section 4.2 of problem
PBef ore – the website will gate all users and offer them a single ad-intensity upon white-listing. Thus,
the comparison between PInbuilt and PAf ter is identical to the comparison between PAf ter and PBef ore
with the trends reversed. That is, with in-built ad-blockers (i) the website’s revenue decreases and
(ii) both the consumer surplus and social surplus increase if u0 ≥ û0 , and decrease otherwise.
It would be safe to assume that the primary goal of a web browser is to provide a compelling
browsing experience to its users. Thus, the decision of web browsers to provide an inbuilt adblocker is perhaps aimed at improving consumer surplus. However, our analysis suggests that inbuilt
ad-blockers increase consumer welfare of only those websites for which the outside option is high
(u0 ≥ û0 ). Publishers that offer unique content – e.g., Facebook, Twitter, and Youtube – arguably
have low-utility outside options; their users can be worse-off with in-built ad-blockers. Overall, we
conclude that the well-intentioned intervention to provide inbuilt ad-blockers can have undesirable
consequences and should therefore be maneuvered carefully. Alternately, it would be best to let the
ecosystem evolve organically, i.e., let users consciously make a choice to install ad-blockers.
Policy Makers: Publishers and firms that develop ad-block software continue to engage in protracted legal battles. With ad-revenue being their only source of revenue, publishers have argued for
the imposition of a legal ban on ad-block software – a charge that ad-blocking firms have thus far
successfully fought against (Meyer 2016, Rodriguez 2017). Also, privacy activists have objected to
publishers detecting ad-blockers in users’ web browsers without their permission (Heilpern 2016).
Our analysis derives the conditions under which both publishers and users can benefit from ad-block
software and also derives the associated operational decisions for the publisher. Perhaps these results
can help the stakeholders better understand the implications of ad-block software and, consequently,
de-escalate the conflict between the two parties.

9.

Concluding Remarks

A typical website consists of multiple webpages. An underlying assumption of our analysis in this
paper was that the website’s decisions, namely those of gating and choosing the ad-intensities for
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regulars and ad-blockers, are the same for each page of the website. It is not uncommon, however,
for some pages of a website to offer unique content (for instance, an opinion piece on nytimes.com)
while other pages provide generic content that is easily available elsewhere. Naturally, it is easier for
the website to convince potential users to whitelist pages that offer unique content. Thus, one can
potentially investigate a richer set of decisions for the website; e.g., an aggressive gating policy for
pages with unique content and a relatively relaxed one for those with generic content. This setting
can be challenging to analyze, for example due to the subtle interaction between the equilibrium
traffic on these two types of pages. Another potential enhancement to our setting would be to
incorporate the presence of a competing website.
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Appendix
Proof of Theorem 1: Recall from Section 4.1 that problem PAf ter is defined as follows:
max

IG ,ab ,ar

R(IG , ab , ar )

s.t. IG ∈ {0, 1} and ar , ab ∈ {0} ∪ [amin , ∞).

• Overview of the Solution Procedure: For a given value of the gating decision IG , we first

ignore the constraints that ab and ar should be at least amin and obtain the unconstrained optimal values of the ad-intensities. Let aub and aur denote these unconstrained optimal ad-intensities
for ad-blockers and regulars, respectively. Then, the consideration of amin leads to the following three possibilities: (i) amin < min {aub , aur }, (ii) amin > max {aub , aur }, and (iii) min {aub , aur } ≤
amin ≤ max {aub , aur }. We separately solve for the optimal decisions in each of these three ranges.
As we will see below, the three ranges of amin correspond to the three cases in the statement of
Theorem 1.
We now proceed with the analysis. Recall from (2) that the equilibrium revenue of the website is


R(IG , ab , ar ) = r nb (IG , ab , ar ) · ab + nr (IG , ab , ar ) · ar .
We will obtain the equilibrium expressions for nb (IG , ab , ar ) and nr (IG , ab , ar ). Using the same argument as in the proof of Property A3, we see that it is sufficient to consider only the set of feasible
decisions (IG , ab , ar ) that lead to an equilibrium value of v satisfying the following conditions:
0 ≤ v − u0 ≤ Cr ar , 0 ≤ v − u0 ≤ Cb ab .

(9)

If the website gates ad-blockers, then the probability that a randomly chosen ad-blocker will whitelist the website is

v−u0
.
Cb ab

On the other hand, if the website does not gate ad-blockers, then all the

ad-blockers become users of the website (because v − u0 ≥ 0). Thus, we have
nb (IG , ab , ar ) =

N BIG (v − u0 )
+ (1 − IG )N B.
Cb ab

Similarly, the probability that a randomly chosen regular will become a user of the website is

(10)
v−u0
.
Cr ar

Thus, we have
nr (IG , ab , ar ) =

N (1 − B)(v − u0 )
.
C r ar

(11)

The equilibrium traffic of the website can now be written as
n(IG , ab , ar ) = nb (IG , ab , ar ) + nr (IG , ab , ar ),
=

N BIG (v − u0 )
N (1 − B)(v − u0 )
+ (1 − IG )N B +
.
Cb ab
Cr ar

(12)
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Let A1 (IG ) = V ᾱ + V α(1 − IG )B and A2 (ab , ar ) = V α

v=

h

IG B
Cb ab

i
+ C1−B
. Using (1) and (12), we get
r ar

A1 (IG ) − u0 A2 (ab , ar )
.
1 − A2 (ab , ar )

(13)

Recall from Section 4.1 that
φ(IG , ab , ar ) = v − u0 =

V ᾱ + V α(1 − IG )B − u0

 .
1 − V α CIGaB + C1−B
r ar
b b

Thus, from (9) and the above equation, we have
φ(IG , ab , ar ) ≥ 0,

ar ≥

(14)

V − V αIG B − u0
h
i ,
Cr 1 − V CαIaG B

(15)

V ᾱ + V αB − u0
i.
h
Cb 1 − V α(1−B)
Cr ar

(16)

b b

ab ≥

Substituting the expression of v from (13) in (10) and (11), we obtain expressions for nb (IG , ab , ar )
and nr (IG , ab , ar ) in terms of our three decision variables. Using these expressions in (2), we have
R(IG , ab , ar ) =



N r[A1 (IG ) − u0 ] BIG 1 − B
+
.
1 − A2 (ab , ar )
Cb
Cr

(17)

Since A2 (ab , ar ) is decreasing in both ab and ar , it is easy to see that R(IG , ab , ar ) is also decreasing
in ab and ar . Therefore, the unconstrained optimal values of ab and ar are the lowest feasible values.
From (15) and (16), we have
V − V αIG B − u0
i ,
h
Cr 1 − VCαIaGuB

(18)

V ᾱ + V αB − u0
h
i.
Cb 1 − V α(1−B)
Cr au

(19)

V − u0 u V − u0
, ar =
.
Cb
Cr

(20)

aur =

b b

aub =

r

Solving for aub and aur , we have
aub =
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Having obtained the unconstrained ad-intensities, we now consider the constraints that ab , ar ≥ amin .
Since Cb ≥ Cr , we have aub ≤ aur . Thus, the three cases mentioned in the overview of this proof
translate into: (i) amin < aub , (ii) amin > aur , and (iii) aub ≤ amin ≤ aur . We now proceed to obtain the
optimal gating decision in each of the three cases.
Case (i) (amin < aub ): Using (20) and Cb ≥ Cr , it is easy to see that the condition amin < aub is
b In other words, this case corresponds to the class of websites with low Cb
identical to Cb , Cr < C.
and low Cr . Since amin < aub , we have aub , aur > amin . Thus, the unconstrained optimal solution in (20)
is feasible for the constrained problem, and, therefore, we have a∗b = aub and a∗r = aur . Substituting a∗b
and a∗r in (17), we get
R(IG , a∗b , a∗r )




BIG 1 − B
= N (V − u0 )r
+
.
Cb
Cr

It is easy to see that R(1, a∗b , a∗r ) ≥ R(0, a∗b , a∗r ); therefore, IG∗ = 1. Substituting IG∗ in (14) we
get φ(1,

V −u0
0
, V C−u
)
Cb
r

≥ 0; if this condition is violated, then the website does not receive any traffic.

Thus, in this case, we have:
(IG∗ ,

a∗b ,

a∗r )

(
(1, V C−u0 ,
b
=
(0, 0, 0),

V −u0
),
Cr

if φ(1, V C−u0 ,
b
otherwise.

V −u0
)
Cr

≥ 0,

Case (ii) (amin > aur ): Using (20) and Cb ≥ Cr , it is easy to see that the condition amin > aur is
b Thus, this case corresponds to the class of websites with high Cb and high Cr .
identical to Cb , Cr > C.
Here, the unconstrained optimal values of ab and ar are both lower than amin . Since R(IG , ab , ar ) is
decreasing in ab and ar , we have a∗b = a∗r = amin . Substituting a∗b and a∗r in (17), we get


N r[A1 (IG ) − u0 ] BIG 1 − B
∗
∗
R(IG , ab , ar ) =
+
.
1 − A2 (amin , amin ) Cb
Cr
Comparing the revenues at IG = 0 and IG = 1, we obtain the following optimal solution:


if u0 ≥ uh , φ(0, amin , amin ) ≥ 0,
(0, amin , amin ),
∗
∗
∗
(IG , ab , ar ) = (1, amin , amin ),
if u0 < uh , φ(1, amin , amin ) ≥ 0,

(0, 0, 0),
otherwise.
Case (iii) (aub ≤ amin ≤ aur ): Using (20) and Cb ≥ Cr , it is easy to see that the condition aub ≤ amin ≤
b ≤ Cb . Thus, this case corresponds to the class of websites with high Cb and
aur is identical to Cr ≤ C
low Cr . Since aub is lower than amin in this case, and R(IG , ab , ar ) is decreasing in ab , the optimal
value of ab is amin ; that is, a∗b = amin . Thus, from (18), we have
a∗r =

V − V αIG B − u0
h
i .
GB
Cr 1 − VCαIamin
b
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Substituting a∗b and a∗r in (17) we get
"

R(IG , a∗b , a∗r )

V − BIG V α − u0
= Nr
αBIG
1 − Vamin
C

#

b


BIG 1 − B
+
.
Cb
Cr

Comparing the revenue at IG = 0 and IG = 1, we obtain the following optimal solution:

V −u0

(0, amin , Cr ),
(IG∗ , a∗b , a∗r ) = (1, amin , ag )

(0, 0, 0),

0
if u0 ≥ um , φ(0, amin , V C−u
) ≥ 0,
r
if u0 < um , φ(1, amin , ag ) ≥ 0,
otherwise.

This completes the proof of Theorem 1.



Proof of Theorem 2: From our analysis in the proof of Theorem 1, we also obtain the optimal
ad-intensities for a given value of the gating decision IG . We note these below:
• Case A: If IG = 0, then
0
◦ Case A1: (âb , âr ) = (amin , V C−u
), if amin ≤
r

◦ Case A2: (âb , âr ) = (amin , amin ), if amin >
◦ Case A3: (âb , âr ) = (0, 0),

V −u0
,
Cr
V −u0
,
Cr

0
φ(0, amin , V C−u
) ≥ 0,
r

φ(0, amin , amin ) ≥ 0,

otherwise.

• Case B: If IG = 1, then
0
), if amin <
◦ Case B1: (âb , âr ) = ( V C−u0 , V C−u
r
b

V −u0
Cb

V −u0
,
Cb

◦ Case B2: (âb , âr ) = (amin , ag ),

if

≤ amin ≤

◦ Case B3: (âb , âr ) = (amin , amin ),

if amin >

◦ Case B4: (âb , âr ) = (0, 0),

otherwise.

V −u0
,
Cr

0
φ(1, V C−u0 , V C−u
) ≥ 0,
r
b

V −u0
,
Cr

φ(1, amin , ag ) ≥ 0,
φ(1, amin , amin ) ≥ 0,

Consider Case A (i.e., IG = 0). Then, we have the following:
• If the optimal ad-intensities (âb , âr ) fall under Case A1, then an increase in V keeps us in

Case A1. This is because (a) the condition amin ≤

V −u0
Cr

continues to hold and (b) the condition

0
) ≥ 0 also continues to hold since the left-hand-side is an increasing function of V .
φ(0, amin , V C−u
r

• If the optimal ad-intensities (âb , âr ) fall under Case A2, then an increase in V either keeps us in

Case A2, in which case the result holds trivially, or we switch to Case A1, where both the adintensities are at least as large as their corresponding values under Case A2 (since

V −u0
Cr

≥ amin ).

• If the optimal ad-intensities fall under Case A3, then the result holds trivially.

The argument is similar for Case B (IG = 1).
To show that the optimal gating decision IG∗ is not necessarily monotone in V , it suffices to exhibit
a numerical counter-example. To this end, let Cr = 100, Cb = 200, amin = 2, N = 106 , r = 1, α = 0.99,
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B = 0.01, and u0 = 50. It is easy to verify using Theorem 1 that, for these parameters, IG∗ = 1 at
V = 240, and IG∗ = 0 at V = 260.



Proof of Theorem 3: Recall from Section 4.2 that problem PBef ore is as follows:
max
a

R(1, a, a)

s.t. a ∈ {0} ∪ [amin , ∞).

Similar to our analysis of problem PAf ter , here too we will first ignore the constraint a ≥ amin and
solve the relaxed problem. Let au denote the optimal ad-intensity in this unconstrained problem.
Since n(1, a, a) is the equilibrium traffic of the website, its revenue is
R(1, a, a) = n(1, a, a)ra.

(21)

We now proceed to obtain the optimal ad-intensity of the relaxed problem. Since Cb ≥ Cr , using
property B2 in Section 4.2, we have the following two possibilities depending on the equilibrium
value v:
• Case (i) (0 ≤ v − u0 ≤ aCr ): This case corresponds to the value premium offered by the website

over the outside option, v − u0 , being low. Since Cb ≥ Cr , the probability that a randomly chosen
low-cost potential user becomes the user of the website is

v−u0
.
aCr

Similarly, the probability that

a randomly chosen high-cost potential user becomes the user of the website is

v−u0
.
aCb

Thus, in

this case, the equilibrium traffic of the website is
n(1, a, a) =
Let A3 (a) =
V (1−αρ)−u0
Cr

and

V α(1−ρ)
. Recall
aCr
V
−u
0
ˆ=
â
. Using
Cb

N (1 − B)(v − u0 ) N B(v − u0 )
+
.
aCr
aCb

(22)

from Section 4.2 the two parametric constants â =
(1) and (22), we obtain
v=

V ᾱ − u0 A3 (a)
.
1 − A3 (a)

(23)

Using 0 ≤ v − u0 ≤ aCr and (23), we have
φl (a) ≥ 0, a ≥ â.

(24)

Substituting the expression of v from (23) in (22) leads to the expression for n(1, a, a) in terms
of the decision variable a. Using this expression in (21), we have


N r(1 − ρ) V ᾱ − u0
R(1, a, a) =
.
Cr
1 − A3 (a)

(25)

Since A3 (a) is decreasing in a, R(1, a, a) is decreasing in a. Thus, the optimal value of a is its
minimum feasible value. Using (24), we therefore have au = â.
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• Case (ii) (aCr ≤ v − u0 ≤ aCb ): Here, the value premium offered by the website is high.

Since v − u0 ≥ aCr , all the low-cost potential users become users of the website. However, the
probability that a randomly chosen high-cost potential user becomes a user of the website is
v−u0
.
aCb

Thus, the equilibrium traffic of the website is
n(1, a, a) = N (1 − B) +

Let A4 (a) =

V αB
.
aCb

N B(v − u0 )
.
aCb

(26)

Using (1) and (26), we obtain
v=

(V ᾱ + V αB̄) − u0 A4 (a)
.
1 − A4 (a)

(27)

Using aCr ≤ v − u0 ≤ aCb and (27), we have
ˆ ≤ a ≤ â.
φh (a) ≥ 0, â

(28)

Substituting the expression of v from (27) in (26), we obtain the expression of n(1, a, a) in terms
of the decision variable a. Using this expression in (21), we have


B(V ᾱ + V αB̄ − u0 )
R(1, a, a) = B̄ +
N ra.
aCb − V αB

(29)

Thus,
∂ 2 R(1, a, a) 2V α2 B 3 N r [V ᾱ + V αB̄ − u0 ]
=
.
B 3
∂a2
Cb3 a4
(1 − V α aC
)

(30)

b

B
Using (28), it is straightforward to show that 1 − V α aC
≥ 0 and u0 ≤ V ᾱ + V αB̄. Thus, we
b

∂ 2 R(1,a,a)
∂a2

≥ 0. Thus, R(1, a, a) is a convex function of a, and the optimal value of a is at
ˆ â)
ˆ ≤ R(1, â, â) if and
the boundary of its feasible region. Using (28) and observing that R(1, â,
ˆ
only if u0 ≤ û0 , we have au = â when u0 ≤ û0 ; otherwise au = â.

have

Combining the above two cases, we have
(
ˆ if u0 > û0 ,
â,
a =
â, if u0 ≤ û0 .
u

(31)

ˆ ≤ â, we have the following three cases: (a) amin <
We now consider the constraint a ≥ amin . Since â
ˆ (b) amin > â, and (c) â
ˆ ≤ amin ≤ â. These correspond to the three cases in the statement of
â,
Theorem 3.
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ˆ Using (31) and Cb ≥ Cr , the condition amin < â
ˆ is equivalent to Cb , Cr < C.
b
Case (a) (amin < â):
ˆ
Accordingly, this case corresponds to the class of websites with low Cb and low Cr . Since amin < â,
we have au > amin . Thus, the unconstrained optimal solution in (31) is feasible to problem PBef ore .
The optimal solution in this case is:


â,
∗
ˆ
a = â,

0,

if u0 ≤ û0 , φh (â) ≥ 0,
ˆ ≥ 0,
if u0 > û0 , φh (â)
otherwise.

b Cr > C
br .
Case (b) (amin > â): Using (31) and Cb ≥ Cr , the condition amin > â is identical to Cb ≥ C,
Therefore, this case corresponds to the class of websites with high Cb and high Cr . In this case, the
unconstrained optimal value of a is lower than amin . Thus, the optimal solution in this case is:
(
amin , if φl (amin ) ≥ 0,
a∗ =
0,
otherwise.
ˆ ≤ amin ≤ â): Using (31) and Cb ≥ Cr , it is easy to see that the condition â
ˆ ≤ amin ≤ â is
Case (c) (â
b Cr ≤ C
br . Thus, this case corresponds to the class of websites with high Cb and
identical to Cb ≥ C,
low Cr . The optimal ad-intensity in this case is:


â,
∗
a = amin ,

0,

if u0 ≤ ub , φh (â) ≥ 0,
if u0 > ub , φh (amin ) ≥ 0,
otherwise.

This completes the proof of Theorem 3.



Proof of Theorem 5: Let a∗Bef ore be an optimal ad-intensity in the pre-ad-block world. Using
the argument presented immediately after the statement of the theorem in Section 5, we have
that the website’s revenue in the post-ad-block world under the feasible solution (IG , ab , ar ) =
(1, a∗Bef ore , a∗Bef ore ) is exactly the same as its optimal revenue in the pre-ad-block world. Thus, the
revenue of the website in the pre-ad-block world is a lower bound on its revenue in the post-ad-block
world. The result follows.



Proof of Theorem 6: Using the optimal solutions in the post- and pre-ad-block worlds from
Theorems 1 and Theorem 3, respectively, we summarize the optimal ad-intensities in Tables 2 and 3
below. The notation used here is as defined in Sections 4.1 and 4.2.
In each of the cases in Tables 2 and 3, it is straightforward to verify that a∗b ≤ a∗ and a∗r ≥ a∗ . 
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u0 ≥ um
amin ≤
V −u0
Cb

V −u0
Cb

≤ amin ≤

amin ≥

V −u0
Cr

Pre-Ad-Block World
(
â = V −V αρ−u0 , if u0 ≤ û0 ,
a∗ = ˆ V −uC0 r
â = C ,
otherwise.
b
(
â,
if amin ≤ â, u0 ≤ û0 ,
a∗ =
amin , otherwise.

V −u0
Cr

Post-Ad-Block World
a∗b =
a∗r =

V −u0
Cb
V −u0
Cr

a∗b = 0
0
a∗r = V C−u
r

a∗ = amin

a∗b = a∗r = amin

The optimal ad-intensities in the pre- and post-ad-block worlds, when the outside option u0 ≥ um .

Table 2

u0 < um
amin ≤
V −u0
Cb

V −u0
Cb

≤ amin ≤ ag

Pre-Ad-Block World
(
â = V −V αρ−u0 , if u0 ≤ û0 ,
a∗ = ˆ V −uC0 r
â = C ,
otherwise.
b
(
V −V αρ−u0
â =
, if amin ≤ â, u0 ≤ û0 ,
Cr
a∗ =
amin ,
otherwise.

Post-Ad-Block World

a∗ = amin

a∗b = a∗r = amin

amin ≥ ag
Table 3

a∗b =
a∗r =

a∗b = amin
a∗r = ag

The optimal ad-intensities in the pre- and post-ad-block worlds, when the outside option u0 < um .
V −u0
, we
Cb
V
0
a∗r = C−u
.
r

Proof of Theorem 7: From the proof of Theorem 1, when amin ≤
Problem PAf ter (i) n = N , (ii) v = V , and (iii) a∗b =

V −u0
,
Cb

a∗ Cr
CSAf ter = N (1 − B) V − r
2


Using a∗r =

V −u0
Cb
V −u0
Cr

V −u0
Cr

and a∗b =

V −u0
,
Cb



and (iv)

a∗ Cb
+ NB V − b
2


have the following for
Thus, we have


.

we get
CSAf ter =

N (V + u0 )
.
2

For Problem PBef ore , from the proof of Theorem 3, the optimal ad-intensity when amin ≤

∗

a =



â =

V −V αρ−u0
,
Cr

if u0 ≤ û0 ,


â
ˆ=

V −u0
,
Cb

otherwise.

(32)

V −u0
Cb

is:

We now compute the consumer surplus in the pre-ad-block world in the following two cases.
Case (i): u0 ≤ û0 . In this case, we have a∗ = â. Let v(â) be the value of the website when the
ad-intensity is â. Then, the consumer surplus can be written as






âCr
N B[v(â) − u0 ]
v(â) − u0
v(â) − u0
CSBef ore = N B̄ v(â) −
+
v(â) −
+ NB 1 −
u0 . (33)
2
âCb
2
âCb
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Using v(â) − u0 = âCr and â =

V −V αρ−u0
,
Cr

CSBef ore =

we get

N (1 − ρ)(V − V αρ + u0 )
+ N Bρu0 .
2

Using the definition of û0 , it can be easily verified that û0 ≤
u0 ≤

V [1−(1−ρ)(1−αρ)]
,
ρ(2B−1)

V [1−(1−ρ)(1−αρ)]
.
ρ(2B−1)

Since u0 ≤ û0 , we have

which implies that CSAf ter ≥ CSBef ore .

ˆ Then, from the proof of Theorem 3, we have
Case (ii): u0 > û0 . In this case, we know that a∗ = â.
n = N and v = V . Thus,
#
"
#
ˆ b
ˆ r
âC
âC
+ NB V −
.
CSBef ore = N (1 − B) V −
2
2
"

ˆ=
Using â

V −u0
,
Cb

we get


N B(V + u0 )
(V − u0 ) Cr
+
.
CSBef ore = N (1 − B) V −
Cb
2
2

Clearly, CSBef ore is increasing in Cb . Further, whenever Cb = Cr , we have CSBef ore = CSAf ter . Thus,
for Cb ≥ Cr , we have CSAf ter ≤ CSBef ore .
To summarize, consumer surplus increases if u0 ≤ û0 and decreases otherwise. Further, it is easy
to verify that the above arguments are reversible; i.e., the condition CSAf ter ≥ CSBef ore implies
u0 ≤ û0 .



Proof of Theorem 8: From Theorem 5, we know that, for any u0 , the revenue of the website
increases in the post-ad-block world. Further, from Theorem 7, consumer surplus increases in the
post ad-block world if u0 ≤ û0 , and decreases otherwise. Thus, if u0 ≤ û0 , both consumer surplus and
the website’s revenue increase in the post-ad-block world and hence the social surplus also increases.
If u0 > û0 , consumer surplus decreases but the revenue of the website increases. In this case, we know

ˆ from Theorem 3, and (ii) (I ∗ , a∗ , a∗ ) = 1, V −u0 , V −u0 , from Theorem 1. Therefore,
that (i) a∗ = â,
G

WBef ore = N (1 − B)V −

b

r

Cb

Cr

N (1 − B)(V − u0 )Cr N B(V + u0 ) N r(V − u0 )
+
+
,
2Cb
2
Cb

and



B
1−B
N (V + u0 )
WAf ter = N r(V − u0 )
+
+
.
Cb
Cr
2
It is straightforward to verify that WBef ore > WAf ter . Thus, the social surplus decreases in the postad-block world if u0 > û0 . The result follows.
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i
h
αB ρ̄
. Recall from Section 4.2 that ρ =
Proof of Theorem 9: Let vr = u0 / 1 − 1−B

B(Cb −Cr )
.
Cb

Using (6),

(7), and the definitions of vr and û0 , we have
 N r(1−ρ)(1−αρ)

,


Cr

if V ≥ vr , vr ≥ 0,

∂RBef ore
=

∂V

 Nr ,

otherwise,

Cb

and
∂RAf ter N r(1 − ρ)
=
,
∂V
Cr

B
1−B
= Nr
+
.
Cb
Cr
Thus,
 N r(1−ρ)αρ

,


C

r
∂RAf ter ∂RBef ore
−
=

∂V
∂V

 N r(1−B)

Cr

Thus,

∂RAf ter
∂V

−

∂RBef ore
∂V

,

if V ≥ vr , vr ≥ 0,
(34)
otherwise.

≥ 0. Further, it is easy to verify that equality holds at B = 0 and B = 1. 

Proof of Theorem 10: We only need to show that R(p, amin , amin ) is a concave function of p. To do
this, we first derive the expression for this function. Using property C1 in Section 7, we know that
0 ≤ v − u0 ≤ amin Cr . Thus, a

v−u0
amin Cb

fraction of ad-blockers and a

v−u0
amin Cr

fraction of regulars become

users of the website. Therefore, the total traffic of the website is
n(p, amin , amin ) =

N B(v − u0 )p
v − u0
+ (1 − p)N B + N (1 − B)
.
amin Cb
amin Cr

(35)

Using (1) and (35), we have
v(p) =
where H1 = V ᾱ + V α(1 − p)B and H2 =

H1 − V αu0 H2
,
1 − V αH2

Bp
amin Cb

1−B
+ amin
. Thus,
Cr



∂v
BV α
v − u0
=
−1 .
∂p 1 − V αH2 amin Cb
Since v − u0 ≤ amin Cb , we have

(36)

(37)

∂v
∂p

≤ 0. Similarly, we have


∂2v
BV α
∂v
v − u0
Bv02 V α2
B
=
+
−
1
.
2
∂p
amin Cb (1 − V αH2 ) ∂p
amin Cb
(1 − V αH2 )2 amin Cb

(38)
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Since

∂v
∂p

≤ 0 and v − u0 ≤ amin Cb , we have

∂2v
∂p2

≤ 0.

The revenue of the website is
N B(v − u0 )p
v − u0
ramin + N (1 − B)
ramin ,
amin Cb 
a
min Cr

Bp 1 − B
= N r(v − u0 )
+
.
Cb
Cr

R(p, amin , amin ) =

Thus, we have


Bp 1 − B ∂v
B
∂R(p, amin , amin )
+
= N r(v − u0 ) + N r
,
∂p
Cb
Cb
Cr
∂p


Bp 1 − B ∂ 2 v ∂v N rB
∂ 2 R(p, amin , amin ) N rB ∂v
=
+
+
.
+ Nr
∂p2
Cb ∂p
Cb
Cr
∂p2 ∂p Cb
Using

∂v
∂p

≤ 0 and

∂2v
∂p2

The result follows.

≤ 0, we have

d2 R(p,amin ,amin )
∂p2

≤ 0. Thus, R(p, amin , amin ) is concave function of p.



